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1 Topological groups

1.1 Definition of topological groups

For any group G, we write 1 = 1 for its identity element and write G°P for its opposite group; in other
words, G° has the same underlying set as G, but with the new multiplication (x, y) — yx.
Denote by S! the group {z € C* : |z| = 1} endowed with its usual topological structure.

Definition 1.1. A topological group is a topological space G endowed with a group structure, such that
the maps (x,y) — xy and x x~! are continuous. Unless otherwise specified, we always assume that
G is Hausdorft.

By a homomorphism ¢ : G; — G, between topological groups, we mean a continuous homomor-
phism. This turns the collection of all topological groups into a category TopGrp, and it makes sense
to talk about isomorphisms, etc. We write Hom(G7, G,) and Aut(G) for the sets of homomorphisms and
automorphisms in TopGrp.

Let G be a topological group. As is easily checked, (i) G°P is also a topological group, (ii) inv : x
x~! is an isomorphism of topological groups G — G°P with inv o inv = id, and (iii) for every § € G,
the translation map L, : x +— gx (resp. Ry : x > xg) is a homeomorphism from G to itself: indeed,
L.1L, =id = R,-1R,.

By translating, we see that if .77 is the set of open neighborhoods of 1, then the set of open neigh-
borhoods of x € G equals {xU : U € .#1}; it also equals {Ux : U € ./7}.

We need a few elementary properties of topological groups. Notation: for subsets A,B C G, we

write AB = {ab:a € A,b € B} C G; similarly for ABC and so forth. Alsoput At = {a!:a € A).
Proposition 1.2. For any topological group G (not presumed Hausdorff), the following are equivalent:
(i) G is Hausdorff;
(ii) the intersection of all open neighborhoods containing 1 is {1};
(iii) {1} is closed in G.

Proof. Itisclear that i) = (ii), (iii). Also (ii) < (iii) since it is routine to check that m = ﬂuBl u.

Let us prove (i) = (i) as follows. Let v : G X G — G be the function (x,y) xy‘l. Then G is
Hausforff if and only if the diagonal A; € G x G is closed, whilst Ag = v™1(1). Now (ii) implies (iii)
which in turn implies Ag is closed. O

Proposition 1.3. Let G be a topological group (not necessarily Hausdorff) and A, B C G be subsets.
1. If one of A, B is open, then AB is open.
2. If both A, B are compact, then so is AB.
3. Ifone of A, B is compact and the other is closed, then AB is closed.

Proof. Suppose that A is open. Then AB = (J,_, Ab is open as well.
Suppose that A, B are compact. The image AB of A X B under multiplication is also compact.
Finally, suppose A is compact and B is closed. If x ¢ AB, then xB~! is closed and disjoint from A. If
we can find an open subset U > 1 such that UANxB™! = @, then U~'x > x will be an open neighborhood
disjoint from AB, proving that AB is closed.



To find U, set V := G ~ xB!. Forevery a € A C V there exists an open subset U/ > 1 with
Uja c V. Take an open U, > 1 with U,U, C U}. Compactness furnishes a finite subset A; C A such
that A € U, Ao Uyt. We claim that U := (), Ao U, satisfies the requirements. Indeed, U > 1 and each
a € A belongs to U,f for some ¢ € Ay, hence

UacUUg cUlUgtcUjtcV,
thus UA C V. 0
Recall that a topological space is locally compact if every point has a compact neighborhood.

Proposition 1.4. Let H be a subgroup of a topological group G (not necessarily Hausdorff). Endow
G/H with the quotient topology.

1. The quotient map 1 : G — G/H is open and continuous.

2. If G is locally compact, so is G/H.

3. G/H is Hausdorff (resp. discrete) if and only if H is closed (resp. open).
The same holds for H\G.

Proof. The quotient map is always continuous. If U C G is open, then 7~(r(U)) = UH is open by 1.3,
hence 7t(U) is open.

Suppose G is locally compact. By homogeneity, it suffices to argue that the coset H = (1) has
compact neighborhood in G/H. Let K 3 1 be a compact neighborhood in G. Choose a neighborhood
U > 1 such that U"'U < K. Claim: m C 7(K). Indeed, if gH € 1(U), then the neighborhood UgH
intersects 7t(U); that is, ugH = u’H for some u,u’ € U. Hence ¢gH = u™'u’'H € n(U~U) c n(K).
Therefore 7t(U) > 7(1) is an open neighborhood with m compact, since 71(K) is compact.

If G/H is HausdorfF (resp. discrete) then H = 7771(7t(1)) is closed (resp. open). Conversely, suppose
that H is closed in G. Given cosets xH # yH, choose an open neighborhood V' > 1 in G such that
Vx NyH = @; equivalently VxH NyH = @. Then choose an open U > 1 in G such that Ulucv. It
follows that UxH N UyH = @, and these are disjoint open neighborhoods of 7t(x) and 7(y). All in all,
G/H is Hausdorft.

On the other hand, H is open implies 7t(H) is open, thus all singletons in G/H are open, whence the
discreteness.

As for H\G, we pass to G°P. O

Lemma 1.5. Let G be a locally compact group (not necessarily Hausdorff) and let H C G be a subgroup.
Every compact subset of H\G is the image of some compact subset of G.

Proof. Let U 3 1 be an open neighborhood in G with compact closure U. For every compact subset K?

of H\G, we have an open covering K" C UgeG nt(gU), hence there exists g1, ..., g, € G such that

Kb C 0 n(giU) = 7'([0 gIU] C 7'([0 gll:l]
i=1 i=1 i=1

Take the compact subset K := U?zl ¢;U N 71(K?) and observe that 7t(K) = K>. O
Remark 1.6. The following operations on topological groups are evident.

1. Let H C G be a closed normal subgroup, then G/H is a topological group by Proposition 1.4,
locally compact if G is. We leave it to the reader to characterize G/H by universal properties in

TopGrp.



2. If Gy, G, are topological groups, then G; X G, is naturally a topological group. Again, it has
an outright categorical characterization: the product in TopGrp. More generally, one can form
fibered products in TopGrp.

3. In a similar vein, @ exist in TOpGrp: their underlying abstract groups are just the usual l(ln

Harmonic analysis, in its classical sense, applies mainly to locally compact topological groups. Here-
after we adopt the shorthand locally compact groups.

Remark 1.7. The family of locally compact groups is closed under passing to closed subgroups, Hausdorff
quotients and finite direct products. However, infinite direct products usually yield non-locally compact
groups. This is one of the motivation for introducing restrict products into harmonic analysis.

Example 1.8. Discrete groups are locally compact; finite groups are compact.

Example 1.9. The familiar groups (IR, +), (C, +) are locally compact; so are (C*,-) and (R*,-). The
identity connected component ]Rﬁo of IR* is isomorphic to (IR, +) through the logarithm. The quotient
group (R/Z, +) ~ & (via z — ¢?™%) is compact.

1.2 Local fields

Just as the case of groups, a locally compact field is a field F with a locally compact Hausdorff topology,
such that (F, +) is a topological group, and that (x,y) — xy and x — x~! (on F¥) are both continuous.

Definition 1.10. A local field is a locally compact field that is not discrete.

A detailed account of local fields can be found in any textbook on algebraic number theory. The
topology on a local field F is always induced by an absolute value | - | : F — R, satisfying

Xp=0 & x=0, [=1
Ix + ylp < Ixlg + [ylF;
Ixyle = |x] - [ylp.

Furthermore F is complete with respect to | - |. Up to continuous isomorphisms, local fields are classified
as follows.

Archimedean The fields R and C, equipped with the usual absolute values;

Non-archimedean, characteristic zero The fields Q, = Zp[i] (the p-adic numbers, where p is a prime

number) or their finite extensions;

Non-archimedean, characteristic p > 0 The fields F,(t) = I, [[t]][%] of Laurent series in the variable
t or their finite extensions, where g is a power of p. Here IF; denotes the finite field of 4 elements.

Let F be a non-archimedean local field. It turns out the ultrametric inequality is satisfied:
Ix + ylp < max{|x|g, [ylr}, with equality when x| # |y|.

Furthermore, o = {x : |x| < 1} is a subring, called the ring of integers, and pr = {x : |x| < 1} is its unique
maximal ideal. In fact pr is of the form (@r); here @r is called a uniformizer of F, and

F*=0%x0f, of={x:|x=1}.

The normalized absolute value | - | for non-archimedean F is defined by

log| = El_l, q := |og/pgl



where @ is any uniformizer. We will interpret | - |r in terms of modulus characters in 1.33.
If E is a finite extension of any local field F, then E is also local and | - |z admits a unique extension
to E given by
1/[E:F]
l“lg = |NE/F(')|F
where Ngyr : E — F is the norm map. It defines the normalized absolute value on E in the non-
archimedean case.

Remark 1.11. The example R (resp. Qp) above is obtained by completing Q with respect to the usual

absolute value (resp. the p-adic one |x|, = p_vl’(x)

to p, and v,(0) = +0c0).

, where v,(x) = kif x = pkg # 0 with u, v € Z coprime

Likewise, I ((#) is the completion of the function field IF,(f) with respect to [x|y = q_Z’O(") where vy(x)
is the vanishing order of the rational function x at 0.

In both cases, the local field F arises from completing some global field Q or IF,(t), or more generally
their finite extensions. The adjective “global” comes from geometry, which is manifest in the case ]Fq(t):

itis the function field of the curve IP]qu, and IF(#)) should be thought as the function field on the “punctured
formal disk” at 0.

1.3 Measures and integrals

We shall only consider Radon measures on a locally compact Hausdorff space X. These measures are
by definition Borel, locally finite and inner regular on open subsets.
Define the C-vector space

C.(X):= { f : X — C, continuous, compactly supported}

= |J CXK), CuX,K):={f € C(X) : Supp(f) < K}.

KcX
compact

We write C (X), := {f € C«(X) : f 2 0},

Remark 1.12. Following Bourbaki, we identify positive Radon measures u on X and positive linear
functionals I = 1, : C.(X) — C. This means that I(f) > 0if f € C(X),. In terms of integrals,

L(f) = L f du. This is essentially a consequence of the Riesz representation theorem.

Furthermore, to prescribe a positive linear functional I is the same as giving a function I : C.(X), —
R, that satisfies

* I(f1+ f2) = I(f1) + I(f2).

» I(tf) = tI(f) when t € R,,.
To see this, write f = u + iv € C.(X) where u,v : X — R; furthermore, any real-valued f € C.(X) can
be written as f = f, — f_ as usual, where f. € C.(X),. All these decompositions are canonical.

Remark 1.13. The complex Radon measures correspond to linear functionals I : C,(C) — C such that
I |CC(X,I<) is continuous with respect to || - ||o x = sup | - |, for all K. In other words, I is continuous for
the topology of li_rr)lK C(X,K) = Co(X).

Now let G be a locally compact group, and suppose that X is endowed with a continuous left G-action.
Continuity here means that the action map

a:GxX —X
(g, x) — gx



is continuous. Similarly for right G-actions. This action transports the functions f € C.(X) as well:

f8:= [x - f (gx)], left action,
8f = [x — f(xg)]], right action.

’ g, ’ ’
These terminologies are justified as f38 = ( fg) and 88 f =8 (3 f ); they also preserve C.(X),. There-
fore, for G acting on the left (resp. on the right) of X, it also acts from the same side on the space of
positive Radon measures on X by transport of structure. In terms of positive linear functionals,

[ — [gl fe I(fg)], left action,
[— [Ig fe I(gf)], right action.
This pair of definitions is swapped under G ~~ G°P.
By taking transposes, G also transports complex Radon measures (Remark 1.13). Mnemonic tech-
nique:
d(gu)(®) = du(g™),  d(ug)(x) = dulxg™),

since a familiar change of variables yields

transpose

[ fedene 19 = [ fedue = [ fedue )
X X X

transpose

[ @ a0 2160 = [ femdue = [ feoducg™
X X X

and f € C,(X) is arbitrary. These formulas extend to all f € L}(X, ) by approximation.

Definition 1.14. Suppose that G acts continuous on the left (resp. right) of X. Let x : G — R%,
by a continuous homomorphism. We say that a complex Radon measure u is quasi-invariant or an
eigenmeasure with eigencharacter y if g = x(g) ' u (resp. pg = x(g)™' ) for all ¢ € G. This can also
be expressed as

du(gx) = x(g)du(x), left action,
du(xg) = x(g)du(x), rightaction.

When x =1, we call y an invariant measure.

Observe that u is quasi-invariant with eigencharacter y under left G-action if and only if it is so under
the right G°P-action.

Remark 1.15. Let x, n be continuous homomorphisms G — C*. Suppose that f : X — C is contin-
uous with f(gx) = n(g)f(x) (resp. f(xg) = n(g)f(x)) for all g and x. Then u is quasi-invariant with
eigencharacter yx if and only if fu is quasi-invariant with eigencharacter ny.

In particular, we may let G act on X = G by left (resp. right) translations. Therefore, it makes sense
to talk about left and right invariant measures on G.
1.4 Haar measures

In what follows, measures are always nontrivial positive Radon measures.

Definition 1.16. Let G be a locally compact group. A left (resp. right) invariant measure on G is called
a left (resp. right) Haar measure.



The group RY, acts on the set of left (resp. right) Haar measures by rescaling. For commutative
groups we make no distinction of left and right.

Example 1.17. If G is discrete, the counting measure Count(E) = |E| is a left and right Haar measure.
When G is finite, it is customary to take the normalized version u := |GI"'Count.

Definition 1.18. Let G be a locally compact. For f € C.(G) we write f Dx - fxh, f e C.(G).
For any Radon measure p on G, let i be the Radon measure with dji(x) = du(x!); in terms of linear
functionals, I;(f) = I,(f).

Lemma 1.19. In the situation above, u is a left (resp. right) Haar measure if and only if [i is a right
(resp. left) Haar measure.

1

Proof. An instance of transport of structure, because x — x * is an isomorphism of locally compact

groups G = GO, O

Theorem 1.20 (A. Weil). For every locally compact group G, there exists a left (resp. right) Haar mea-
sure on G. They are unique up to ]Réo-action.

Proof. The following arguments are taken from Bourbaki [1, VII §1.2]. Upon replacing G by G°P, it
suffices to consider the case of left Haar measures. For the existence part, we seek a left G-invariant
positive linear functional on C.(G). Write

Ce(G)} i= Ce(G)4 N {0},

For any compact subset K C G, define C,(G, K), and C.(G, K)} by intersecting C.(G, K) with C,(G),
and C.(G);. Observe that for all f € C.(G), and g € C.(G)}, there exist n > 1, ¢y, ..., ¢;, € Ry and
S1, - ,S, € G such that

fsagt+.cgn,  gix) = g(si)-

Indeed, there is an open subset U C G such that inf;; ¢ > 0; now cover Supp(f) by finitely many
s1U, ..., s,U.

Given f, g as before, define (f : g) to be the infimum of ¢; + ... + ¢, among all choices of (cy, ..., 51, ...)
satisfying the bound above. We contend that

(ff:8)=(f:8), s€gG, (1.1)
(tf:8) =Hf:8), tE€Ry, (1.2)
(fit+tf2:9=(f1:89+(f2:9), (1.3)
) sup f

(f:92 @, (1.4)
(f:h)<(f:9)(g:h), hgeC(G), 1.5)

1 :
0 <D (ki h) Ffoge O, (1.6

“o ) (o9 "

and that for all f1, f,h € C(G); with hlgypp(f,+£,) = 1, and all € > 0, there is a compact neighborhood
K 31 such that

(f1:9+(f2:9 < (fi+f2:8) +e(h:g), geC(GK). (1.7)
The properties (1.1) — (1.4) are straightforward. For (1.5), note that

f<Ygs, g< Y, dhi = f< Y cdh
i j ij



hence (f : h) < ¥, ¢ E]. d;. Apply (1.5) to both fo, f, ¢ and f, fo, g to obtain (1.6).
To verify (1.7),let F := f1 + f, + ez—h Use the condition on / to define

<pi<x>={fi(g)/“")’ CESPUISD 6. (=12
0, otherwise.

Furthermore, given 1 > 0 we may choose the compact neighborhood K > 1 such that |@;(x) — @;(y)| < n
whenever x"1y € K, for i = 1,2. One readily verifies that for all g € C.(G,K), andi=1,2,

pig® < (pi(s)+m)-¢°, se€G.
Suppose that F < Clgsl + ... Cngsn, then fi = (pZF < 2;1:1 C]((pl(sj) + n)gs] by the previous Step, As
®1+ @2 <1, we infer that (f1 : ) + (f2:8) < (1 +27) 2;1:1 ¢j- By (1.3) and (1.5),

(Fri9)+ (F2:0) < A+ 2)(F:9) < L+ 20) (1 + fo:9)+ 5013 9)

<S(fi+foi+ (5 + 2000+ fo i) +en) (i)

Choosing 71 small enough relative to f1, f, h, € yields (1.7).
Proceed to the construction of Haar measure. We fix fy € C.(G)} and set
f:8)
I(f) = ———, e C.(G),, € C.(G)x.
g f (fo :g) f c + g c +
We want to “take the limit” over ¢ € C.(G, K)};, where K shrinks to {1} and f, fo € C.(G)} are kept
fixed. By (1.6) we see L,(f) € J := [(fo O (f :fo)]. For each compact neighborhood K > 1 in G,

let Ig(f) = {Ig(f) 18 €C.(G, K):}. The family of all Ig(f) form a filter base in the compact space J,
hence can be refined into an ultrafilter which has the required limit I(f).

We refer to [2, I. §6 and §9.1] for the language of filters and its relation with compactness. Alterna-
tively, one can argue using the Moore—Smith theory of nets together with Tychonoff’s theorem; see [6,
(15.25)].

ThenI : C.(G); — R, satisfies G-invariance by (1.1). From (1.3) we infer I(f1+ f) < I(f1)+1(f>)
which already holds for all Iy; from (1.7) we infer I(f1) + I(f2) < I(f1 + f2) + €I(h) whenever h > 1 on
Supp(f; + f,) and € > O (true by using ¢ with sufficiently small support), so I(f1 + f») = I(f1) + I(f2)
follows. The behavior under dilation follows from (1.2). All in all, [ is the required Haar measure on G.

Now turn to the uniqueness. Let us consider a left (resp. right) Haar measure u (resp. v) on G. It
suffices by Lemma 1.19 to show that y and ¥ are proportional. Fix f € C.(G) such that L fdu#0. It
is routine to show that the function

-1
Df:x|—>(fcfdy) Lf(y‘lx)dv(y), x€G

is continuous. Let ¢ € C.(G). Since (x,y) — f(x)g(yx) is in C.(G X G), Fubini’s theorem implies that

. _ dv(y)::dv(yx)
fG fdu fG gdv fG f(x)( fG g(y)dv<y>)du<x>

[ [ reostm duey avey) *= [ ( [ foz du(x)) dv(y)
GYG G G

= fG g(x) ( fG f(y‘lx)dv(y))d#(x)= fc fdy- fG 8Dy du(x).



Hence L gdv = L Dy - gdu. Since g is arbitrary and Dy is continuous, D¢(x) is independent of f,

D(l)Lfdy:fodﬁ

for f € C.(G) with f fdu # 0. As both sides are linear functionals on the whole C.(G), the equality
extends and yield the asserted proportionality. O

hereafter written as D(x). Now

Proposition 1.21. Let p be a left (resp. right) Haar measure on G. Then G is discrete if and only if
u({1}) > 0, and G is compact if and only if u(G) < +oo.

Proof. The “only if” parts are easy: for discrete G we may take 1 = Count, and for compact G we
integrate the constant function 1.

For the “if” part, first suppose that ({1}) > 0. Then every singleton has measure p({1}). Observe
that every compact neighborhood K of 1 must satisty u(K) < oo, therefore K is finite. As G is Hausdorft,
{1} is thus open, so G is discrete.

Next, suppose 1(G) is finite. Fix a compact neighborhood K > 1so that u(K) > 0. If g, ..., g, € Gare
such that {g;K}!_; are disjoint, then nu(K) = u(, g;K) < u(G) and this gives n < u(G)/u(K). Choose a
maximal collection g1, ..., ¢, € G with the disjointness property above. Every ¢ € G must lie in g;K - K~
for some 1 < i < n, since maximality implies gK N g;K # @ for some i. Hence G = U?:l gK-K1is
compact by 1.3. O

1.5 The modulus character

Let O : G; — G be an isomorphism of locally compact groups. A Radon measure y on Gy transports
to a Radon measure 0,u on Gj: the corresponding positive linear functional is

I&,,u(f) = Iy(fe)l fe = f °0, f € CC(GZ)

It is justified to express this as d(6,u)(x) = du(67(x)).
Evidently, 8, commutes with rescaling by RY,,. By transport of structure, 8, is a left (resp. right)
Haar measure if y is. For two composable isomorphisms 0, o we have

(B0).p = 0.(0.1).

Assume hereafter G; = G, = G and 0 € Aut(G). We consider 071y := (071),u where u is a left
Haar measure on G. Theorem 1.20 imlies 6‘1y is a positive multiple of y, and this ratio does not depend
on (.

Definition 1.22. For every 0 € Aut(G), define its modulus O as the positive number determined by
07l = Ogu, equivalently du(0(x)) = 6 du(x),
where (i is any left Haar measure on G.

Remark 1.23. One can also use right Haar measures to define the modulus. Indeed, the right Haar
measures are of the form form fi where u is a left Haar measure, and

dji(O() = du(O(x)™) = du(O(™)) = 64 du(x™) = 8¢ - ().

Remark 1.24. The modulus characters are sometimes defined as Ag(g) = 65(g)™! in the literature, such
as [1, VII §1.3] or [6]. This ambiguity is responsible for uncountably many headaches. Our convention
for 65 seems to conform with most papers in representation theory.



Proposition 1.25. The map 0 — 0g defines a homomorphism Aut(G) — RZ,,.

Proof. Use the fact that
((90)‘1)* u=07107 ) = 6 - 07 i = 09Oy -
for any two automorphisms 0, o of G and any left Haar measure f1. O

Example 1.26. If G is discrete, then 0y = 1 for all O since the counting measure is preserved.

Definition 1.27. For g € G, let Ad(g) be the automorphism x > gxg™! of G. Define 65(g) = Saq(g) €
R%,. In other words, du(gxg™") = 0¢(g) du(x).

The following result characterizes 0.

Lemma 1.28. The map 6 : G — RX, is a continuous homomorphism. For every left (resp. right) Haar
measure |l (resp. l,), we have

du(xg) = 66(9) " due(x),  dp,(gx) = d¢(g) du, ().
Furthermore, [i; = O¢ - ¢ and i, = 661/47.

Proof. Since Ad(:) : G — Aut(G) is a homomorphism, so is 6 by Proposition 1.25. As for the continuity
of Og, fix a left Haar measure p and f € C.(G) with u(f) = Lfdy # 0. Then

0@ = (N [ foAd@dn
and it is routine to check that L f o Ad(g)du is continuous in g. The second assertion results from
applying dyi,(-) and dys, () to
xg = g(Ad(g™)x), gx = (Ad(9)v)g,

respectively.
To deduce the last assertion, note that dgu, is a right Haar measure by the previous step and Remark
1.15, thus Theorem 1.20 entails
At € RYy, fle = togpie-

Hence u)" = téal te = tzyg, and we obtain f = 1. A similar reasoning for 661yr applies. O

Corollary 1.29. We have 6 = 1 if and only if every left Haar measure on G is also a right Haar measure,
and vice versa.

Proposition 1.30. For every g € G, we have 65()™ = Ocon(3).

Proof. Fix a left Haar measure y for G and denote the multiplication in G by *. Then du(gxg™!) =
66(g) du(x) is equivalent to du(g™! % x * §) = 6¢(g) du(x) for GP. Since p is a right Haar measure for
G°P, we infer from Remark 1.23 that §cop(g71) = 05(9)- O

Definition 1.31. A locally compact group G with 6¢ =1 is called unimodular.
Example 1.32. The following groups are unimodular.
* Commutative groups.

* Discrete groups: use Example 1.26.
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» Compact groups: indeed, the compact subgroup 6(G) of R%, ~ R must be trivial.

The normalized absolute value on a local field F is actually the modulus character for the additive
group of F, as shown below.

Theorem 1.33. For every local field F, define || - ||p to be the normalized absolute value | - | for non-
archimedean F, the usual absolute value for F = R, and x + |xX|g for F = C. Fort € F*, let m; be the
automorphism x v tx for (F,+). Then

Om, = ltllF-
Proof. Since my, = my o my, by Proposition 1.25 we have 0,,,, = 0y,,0,,,. Fix any Haar measure 1 on
F. By definition
_ B(K)
" wK)

for every compact subset K C F. The assertion 6,,, = ||¢[|r is then evident for F = R or C, by taking K to
be the unit ball and work with the Lebesgue measure.

Now suppose F is non-archimedean and take K = of. For t € of we have tK = K, thus Om, =1. The
same holds for |- [r and both are multiplicative. It remains to show 6, = |@|F = g~! for any uniformizer
@ of F, where q := |op/pr|. But then p(@op)/u(og) = (op : @op) ™ = g71. O

1.6 Interlude on analytic manifolds

It is well known that every real Lie group admits an analytic structure. The theory of analytic manifolds
generalizes to any local field F. For a detailed exposition, we refer to [9, Part I1].

In what follows, it suffices to assume that F is a complete topological field with respect to some
absolute value |-|. Let U C F™ be some open ball. The definition of F-analytic functions f = (f1, ..., f,) :
U — F" is standard: we require that each f; can be expressed as convergent power series on U. For any
open subset U C F™, we say f : U — F" is F-analytic if U can be covered by open balls over which f
are F-analytic.

Definition 1.34. An F-analytic manifold of dimension 7 is a second countable Hausdorff space X, en-
dowed with an atlas {(U,qbu) U e ?/}, where

* 7/ is an open covering of X;
* foreach U € %, ¢, is a homeomorphism from U to an open subset ¢;(U) of F".

The condition is that for all Uy, U, € % with U; N U, # @, the transition map

Pu Pt * Puy (Us N Up) = Py, (Uy N Uy)
is F-analytic.

As in the standard theory of manifolds, the F-analytic functions on X are defined in terms of charts,
and the same applies to morphisms between F-analytic manifolds; the notion of closed submanifolds is
defined in the usual manner. We can also pass to maximal atlas in the definition. The F-analytic manifolds
then form a category.

Open subsets of F-analytic manifolds inherit analytic structures. It is also possible to define F-analytic
manifolds intrinsically by sheaves.

More importantly, the notion of tangent bundles, cotangent bundles, differential forms and their ex-
terior powers still make sense on an F-analytic manifold X. Let n = dim X. As in the real case, locally a
differential form on X can be expressed as c(xq, ..., x,,) dx; A -+ A dx,,, where (U,cz)u = (x1, . ,xn)) is
any chart for X, and c is an analytic function on ¢;(U) C F".
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Remark 1.35. When (F,| - |) is ultrametric, the theory of F-analytic manifolds is not quite interesting
since they turn out to be totally disconnected. Nevertheless, it is a convenient vehicle for talking about
measures, exponential maps and so forth.

Example 1.36. Let X be an F-variety of finite type. The set X of its F-points acquires a natural Hausdorft
topology (say by reducing to the case to affine varieties, then to affine spaces). If X is smooth, then X
becomes an F-analytic manifold. The assignment X + X is functorial. The algebraically defined regular
functions, differentials, etc. on X give rise to their F-analytic avatars on X. By convention, objects on X
will often carry the adjective algebraic.

Now assume that F is local, and fix a Haar measure on F, denoted abusively by dx in conformity with
the usual practice. This equips F" with a Radon measure for each n > 0, and every open subset U C F"
carries the induced measure.

Let X be an F-analytic manifold of dimension 7. A volume form on X is expressed in every chart

(U, ¢y) as
|w| = f(xlr /xn)l dx1| Idxnl

where f : V := ¢y (U) = R, is continuous. Define || - ||z : F — Ry as in Theorem 1.33. A change of
local coordinates v; = y;(xq, ..., x,) (i =1, ..., n) transports f and has the effect

oy
|y [dy,l = det(a—‘zl) <[ dxq |- [ dacy | (1.3)

174 .
In other words, |w] is the “absolute value” of a differential form of top degree on X, squared when F = C.
Some geometers name these objects as densities.
Now comes integration. The idea is akin to the case of C*-manifolds, and we refer to [7, Chapter
16] for a complete exposition for the latter. Let ¢ € C.(X) and choose an atlas {(U, ¢;) : U € Z} for X.
In fact, it suffices to take a finite subset of 7/ covering Supp(¢).

1. By taking a partitions of unity (lpu X - [0,1])u » (with 33, ¥y = 1 as usual), and replacing ¢
€

by ;¢ for each U € 7, the definition of L @lw| reduces to the case that Supp(¢) C U for some
UeZ.

2. Inturn, we are reduced to the integration Ldm @f dxq --- dx,, on some open subset V' C F"; this we
can do by the choice of Haar measure on F. Furthermore, this integral is invariant under F-analytic
change of coordinates. Indeed, this is a consequence of (1.8) plus the interpretation of || - ||r in
Theorem 1.33.

3. Asin the case over IR, one verifies that f @lw| does not depend on the choice of charts and partition
of unity.

4. It is routine to show that [ : ¢ — & @lw| is a positive linear functional, giving rise to a Radon
measure on X. The operations of addition, rescaling and group actions on volume forms mirror
those on Radon measures.

Following the standard practice in mathematical analysis, we will often write | dx;| as dx;.

Remark 1.37. In many applications, X will come from a smooth F-variety X or its open subsets, and
|w| will come from a nowhere-vanishing algebraic differential form w thereon, say by “taking absolute
values || - ||g”; we call such an w an algebraic volume form on X.

12



Definition 1.38. Let X be an F-analytic manifold, where F is a local field. Set

Co(X) 1= { f € C(X) : infinitely differentiable}, archimedean F
‘ o { f € CX) : locally constant} , non-archimedean F

where locally constant means that every x € X admits an open neighborhood U such that f|; is constant.

1.7 More examples

We begin by pinning down the Haar measures on a local field F, viewed as additive groups.

Archimedean case F = R Use the Lebesgue measure.
Archimedean case F = C Use twice of the Lebesgue measure.

Non-archimedean case To prescribe a Haar measure on F, by Theorem 1.20 it suffices to assign a vol-
ume to the compact subring or of integers. A canonical choice is to stipulate that or has volume
1, but this is not always the best recipe.

Example 1.39. If G is a Lie group over any local field F, i.e. a group object in the category of F-analytic
manifolds, one can construct left (resp. right) Haar measures as follows. Choose a basis wq, ..., w,, of
the cotangent space of G at 1. The cotangent bundle of G is trivializable by left (resp. right) translation,
therefore wq, ..., w,, can be identified as globally defined, left (resp. right) invariant differentials. The
nowhere-vanishing top form w := w; A --- A w,,, or more precisely |w|, gives the required measure on
G. The Haar measures constructed in this way are unique up to scaling, as the form w (thus |w|) is.

We shall denote the tangent space at 1 € G as g: we have dimp g = n. The automorphism Ad(g) :
x > gxg~! induces a linear map on g at 1, denoted again by Ad(g).

Proposition 1.40. In the circumstance of Example 1.39, one has
d¢(g) = || det(Ad(@®) :a = ) ||,
Proof. This follows from Theorem 1.33. [

g€G.

Example 1.41. Let F be a local field. For the multiplicative group F*, the algebraic volume form
-1
X dx

defines a Haar measure: it is evidently invariant under multiplications. More generally, let G = GL(n, F).
2

We take 1) to be a translation-invariant nonvanishing algebraic volume form on M,,(F) ~ F"". The G-

invariant algebraic volume form

w(g) = (detg)"n(g), g€G
induces a left and right Haar measure on G.

Example 1.42. Here is a non-unimodular group. Let F be a local field, and n = ny + -+ + n, where
ny, 1y € Z,. Consider the group of block upper-triangular matrices

P:= {g = (gl gxz) € GL(n,F): g¢; € GL(n; F),x € Mnlxnz(P)}

the unspecified matrix entries being zero. This is clearly the space of F-points of an algebraic group P.
The Lie algebra of P is simply (* ). A routine calculation of block matrices gives

-1
e 2 s
82 d 8 d
where --- is a linear function in 4 and d. Thus Proposition 1.40 and Theorem 1.33 imply

Op(g) = Il detgsllf - Il det gl
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1.8 Homogeneous spaces

Let G be a locally compact group. In what follows we consider spaces with right G-actions. One can
switch to left G-actions by passing to G°P.

Definition 1.43. A G-space is a locally compact Hausdorft space X equipped with a continuous right
G-action X X G — X. If the G-action is transitive, X is called a homogeneous G-space.

The G-spaces form a category: the morphisms are continuous G-equivariant maps.

Example 1.44. Let H be a closed subgroup of G. The coset space H\G is locally compact and Hausdorft
by Proposition 1.4, and G acts continuously on the right by (Hx,g) +— Hxg. This is a homogeneous
G-space.

For a general homogeneous G-space X and x € X, let G, := Stabg(x); it is a closed subgroup, and
we have G, = ¢ 1G,g for ¢ € G. The orbit map ¢ > xg at x factors through

orb, : G,\G = X
Gxg X3,

which is a continuous G-equivariant bijection. If orb, is actually an isomorphism, then X =~ G,\G in
the category of G-spaces. This indeed holds under mild conditions on G, thereby showing that Example
1.44 is the typical sort of homogeneous spaces.

Proposition 1.45. Suppose that G is second countable as a topological space. Then for any homogeneous
G-space X and any x € X, the map orb, : G,\G — X is an isomorphism of G-spaces.

Proof. It suffices to show that orb, is an open map. Let U > 1 be any compact neighborhood in G. There
is a sequence g1, 9, ... € G such that G = |J__, Ug;, therefore X = Ul.21 xUg;. Bach xUg; is compact,
hence closed in X.

Baire’s theorem implies that some xUg; has nonempty interior. Since xUg; =~ xU by right translation,
we obtain an interior point x% of the subset xU of X, with 1 € U. Then x is an interior point of xUh™!,
hence of the bigger subset xUU .

Now consider any open subset V' C G and ¢ € V. Take a compact neighborhood U > 1 such that
UU 'g c V. Then

i>1

xg € xUU g c xV.

As x has been shown to an interior point of x~UU !, so is xg in xUU g C xV. Since g, V are arbitrary,
we conclude that ¢ — xg is an open map. The same holds for orb,, by the definition of quotient topologies.
O

Corollary 1.46. If G is an F-analytic Lie group, where F is a local field, then the condition in Proposition
1.45 holds, thus every homogeneous G-space takes the form H\G for some H.

Proof. The second countability is built into the definitions. 0

Example 1.47. Take X to be the (1 — 1)-sphere $"~1, on which the orthogonal group O(1, R) acts con-
tinuously (in fact analytically, or even algebraically) and transitively. The action is given by (v, g) — vg
where we regard v as a row vector. The subgroup SO(11, R) also acts transitively on "1, since every
vector v € §"7! is fixed by reflections relative to any hyperplane containing v, which have determinant
—1. This gives

"1 ~ O(n-1,R)\O(n, R).

Indeed, the stabilizer group of v = (1,0, ..., 0) can be identified with O(n — 1, R).
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Example 1.48. Another important example of homogeneous space is given by the Siegel upper half
plane. Here it is customary to work with left actions by setting

Sp(2n,R) = [g € L@, R) 1 g-]-'g =]}, Ji= (LW —LM)_

In a coordinate-free language, Sp(21, R) is the isometry group of the symplectic form prescribed by J.
Take X to be

Ay ={Z=R+iSeM,,(C):R,S € M,,,(R) symmetric, S > 0}.
Let Sp(2n, R) act on the left of /7, by
¢Z:=(AZ+B)(CZ+D)!, Ze.7Z,

g=(’é g)eSpan,lR), A,B,C,D € My (R).

This is manifestly an analytic map in (g, Z). One can show that
* this is indeed a transitive group action, and
* the stabilizer group of Z =i -1,,, is the unitary group U(n).

Therefore /7,, ~ Sp(2n, R)/U(n). When n = 1, it reduces to the usual /77 := {t € C : 3(1) > 0} with
SL(2, R) acting by linear fractional transformations.

Example 1.49. Let F be a non-archimedean local field, with ring of integers op. By convention, we
identify F" with the space of row vectors, and let GL(#, F) act from the right.

A lattice in an n-dimensional F-vector space V is a free op-submodule L. C V of rank # such that
F - L = V; the standard example is of inside F"". Define the discrete space

X := {lattices L ¢ V'}

with right GL(V)-action. Exercise: check that the GL(V)-action is continuous and transitive. In fact
Stabgy(v)(L) is closed and open in GL(V).
Now identify V with F" by choosing a basis. The stabilizer of L = of is GL(n, of), hence

X =~ GL(n, op)\GL(n, F).

Examples 1.47—1.48 are well-known instances of Riemannian symmetric spaces. Loosely speaking,
the space X of lattices is in contrast some non-archimedean counterpart of symmetric spaces of the same
type as Example 1.48: it consists of the vertices of the enlarged Bruhat-Tits building of GL(V).

Next, we turn to the measures on the G-spaces H\G, where H is a closed subgroup of G.

Lemma 1.50. Fix a right Haar measure i on H. The map
C(G) — C(H\G)
fro fri= [Hg ~ | fog duHm)]

is well-defined, surjective and G-equivariant with respect to the left G-actions on C.(G) and C,(H\G)
given by f — [gf X f(xg)] It maps C(G),. onto C,(H\G),.
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Proof. The only nontrivial part is the surjectivity. Given f” € C.(H\G), by Lemma 1.5 there exists a
compact K C G such that ¢ — f?(Hg) is supported on HK. We want to define

). Q)
s = {7 Gimgy ST
0, g ¢ HK

for some ¢ € C.(G), depending solely on K. Specifically, take any ¢ € C.(G), such that ¢|x > 0.
For any ¢ € HK we have ¢"(¢) > 0 by assumption, hence f is a well-defined element in C.(G). If

fb € C.(H\G), then f € C.(G),.
It is also readily verified that Lf(hg) duy(h) = f*(Hg) for ¢ € HK, and zero for ¢ ¢ HK, this

affords the required preimage of f. O

Fix a right Haar measure up on H to define f +— f° as in Lemma 1.50. Every positive Radon
measure (g on H\G induces lu?J\G on G, characterized by L f d#?{\c = L\G P dupc.
Also recall the notion of quasi-invariance from Definition 1.14.

Lemma 1.51. Fix a right Haar measure iy on H and let [ip¢ be a quasi-invariant positive measure
on H\G with eigencharacter x : G — RX. Then y?‘I\G is of eigencharacter x (resp. 6y(h)) under right
G-action (resp. left H-action).

Proof. Since f +— f" respects right G-translation, the eigencharacter of ‘u?{\G is the same Y. Now let
f € C.(G); recall that f"(g) = f(hg). By Lemma 1.28, (f")"(Hg) equals

[ £ auno = [ rokg)dutt = o™ [ £(1g) dyug(i)
H H H

which is 65 (h)~! f*(Hg). This implies that L fh dy?{\c =6y(h)7! L f d‘u?{\G as asserted. O

Theorem 1.52. Let x : G — RZ, be a continuous homomorphism. Then there exists a quasi-invariant
positive measure on H\G of eigencharacter x if and only if

Xt = 01 (0gl) ™

Moreover, such a quasi-invariant measure is unique up to RXy when x| = 61 (0cly)™", and every choice
of right Haar measures g (resp. up) on G (resp. H) gives rise to such a measure i, characterized

by
f F@x(©) duc(®) = f (f f(hg) dHH(h)) dumc(Hg) (1.9)
G me \JH

where f € C.(G).
Consequently, G-invariant positive measures exists on H\G if and only if 0y = 0gly, in which case
it is unique up to rescaling.

Proof. First, suppose p g with eigencharacter x is given on H\G. Let us verify x|y = 65 (06| H)_1 and
(1.9). Fix a right Haar measure pp; on H to apply Lemma 1.51 to obtain y?{\c. Lemma 1.51 implies
F‘?{\G = x - Ug for a right Haar measure pg on G. Both sides are quasi-invariant under left H-action:

the eigencharacter of V?{\G is Opy, whilst that of x - g is (XOg)|ly by Remark 1.15 and Lemma 1.28. The
formula (1.9) is built into our construction.
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Conversely, given y with x|y = 0y (6GIH)_1, fix g and up. We claim that
I:C.(H\G) — C

f"'—>foxduc, frf

is well-defined. Granting this, one readily sees that I defines a Radon measure pp g by Lemma 1.50.
Furthermore, since f > f° respects right G-action, pmc Will have the same eigencharacter as xpic,
namely x. What remains to show is that f> = 0 implies L fxdug = 0. For any ¢ € C.(G), Fubini’s
theorem entails

0= [ e HIIQ U@ = [ [ ¢@)F (1@ dinh) duc(@)
G GYH
- fH fc X&) g F() () S duc(§’) dyur ()

by first swapping the integrals and then substituting ¢’ = hg, using dug(g) = 6¢(h)™ dug(g’) from
Lemma 1.28. Next, substitute &’ = k™! into the last integral and use dug(h) = Op(h')~! dug (k') from
Lemma 1.28 to arrive at

0= [ [ X@)0lrg)F&) x)o(H)on () dur () duic(g)
HYG . ;

=1

= | @£ 1)
Select @ so that ¢” = 1 on the image of Supp(f) in H\G to deduce Lf)( dug =0. O

When G is an F-analytic Lie group and H is a Lie subgroup, the results can also be deduced by
considerations of volume forms. We leave this to the curious reader.

Definition 1.53. Denote by /iy the quasi-invariant measure on H\G of eigencharacter y determined
by (1.9). To see the benefits of this notation, note that (sug)/(tuy) = (s/t) - pg/py for all s, t € R%,,.

Remark 1.54. For homogeneous spaces under left G-actions, one uses left Haar measures on H to define
f > f?, and the condition in Theorem 1.52 becomes

Xl = )" 6ly-

Indeed, one switches to right G°P-actions and applies the previous result; the eigencharacter y is unal-
tered, whereas the modulus characters are replaced by inverses by Proposition 1.30.

2 Convolution

Let G be a locally compact group.

2.1 Convolution of functions

Fix a right Haar measure p on G, and define LF(G) := LP(G, u) for all1 < p < co. Write f (x) = f(x71)
(sometimes as f"(x)) for all functions f on G.
Given two functions f1, f, on G, their convolution is defined as the function

(f1 % f2)) = fG F1Gy™) () duy)

2.1
- fG A0 duly), xeG
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whenever it converges. We will also consider (2.1) as an element in various L”-spaces on G, by estimating
If1 * follrr in terms of the norms of f; and f, (see below).

Remark 2.1. If we use left Haar measures instead, or equivalently work in G°P, then (2.1) becomes

L Anf) dpw) = [ frw)fa 0 du).

Definition-Proposition 2.2. Let f1, f, € LY(G). Then f; % f, is a well-defined element in L!(G),
satisfying

Ilf1 % fallpr < Nlfallpy - Nlf2llpa
The convolution product makes L'(G) into a Banach algebra, which is in general non-commutative, non-
unital.

Proof. To show that f1 % f, € L1(G) is well-defined, evaluate ffoG If1 ey If2(y) dp(y) du(x) using
Fubini’s theorem to reach the bound ||f|l;1 - [|f2ll;1. It is straightforward to verify that

f1x(f2 % f3) = (f1 % f2) x f3,
fix(fa+fa)=fixfa+ fixfs,
(fi+fI)xfa=fixfs+frxfs

Hence (L'(G), %) is a Banach algebra. O

It is important to extend the convolution to more general functions and deduce the corresponding
estimates. Following analysts’ convention, define a bijection p — p’ from [1, +o0] to itself by requiring

1 1
—+—/:1.
p P

Theorem 2.3 (Minkowski’s inequality). Suppose that1 < p < oo. Then for f1 € LP(G) and f, € L'(G),
(2.1) is well-defined in LP(G) and we have

|1 % fal, < fallee - 1 f2llgs-

Proof. The case p =1 has just been addressed, and the case p = oo is easy. Assume 1 < p < co. To ease
notations, we may and do assume fq, f, > 0. Apply Holder’s inequality to the measure f,(y)du(y) to
obtain

1/p 1/p’

f fl(xy‘l)fz(y)d#(y)S( f fl(xy‘l)”fz(y)du(y)) ( f fz(y)d#(y))

G G G
Hence

| 1p
11 * folly < (nfzu’; A Ay fm e dy(x))
1/p
- (nfzn’ZIl A ama du(y))
_ /
= (A 1aley) = Wl 1l

where the right invariance of u is used. ]

Theorem 2.4 (Young’s inequality). Suppose that G is unimodular, and1 < p,q,r < oo satisfy
1

1 1
-+1l=—-+-.
q p T
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Then for all f1, fo such that fl € LP(G) and f, € L'(G), the convolution (2.1) is well-defined in L1(G)
and satisfies

1 * falln < Wfally - 1f2ller-
Proof. The premises imply

1 1 1
—+-+-==1, 7_7+E,:1, r+L,=
rq p q 7T 9 P

1.

First, assume f1, f, > 0. Apply Holder’s inequality with three exponents (1, g, p’) and use the right
invariance of y to deduce that

(f1 % f2)(x) = fc F1™Y 200 du(y)
4 r e
= fG fl(]/_l)’ﬁl (fl(y‘l)qu(yx)")fz(yx)P’ du(y)

< (fc(ﬂ)pd#)

1/r 1y’

1/q
( | fl(y‘l)’”-fz(yx)rdu(y)) ( | fz(yX)fdu(y))
G G

/ 1/q ,
= |l ( fG fl(y‘l)”fz(yx)rdu(y)) IFllY.

It follows from Fubini’s theorem that

- / g
W sl < WAl Wl ([ 5ur¥ tiny autor o)

< PliY /p’ x 7l v
=[|fall,, WAL - WA WAL = il - ol
In general, we can work with |f1], |f,| to reduce to the previous setting. O

Proposition 2.5. Suppose G is unimodular. If ¢ € C.(G) and f € L'(G) (resp. f eL'(G))withl <r <
oo, then @ * f (resp. f % @) is defined by a convergent integral and is a continuous function on G.

Proof. Recall ¢3(x) := ¢(gx) and $p(x) = @(xg) for g, x € G. Apply Theorem 2.4 with ¢ = oo and
% + % =1to see

[0 x gD - (@ * H)| = (9 = ) * HE)| < [lo” = @), If

We conclude by noting that

L

_ —1
lo¥ = @[, = 0¥ -¢" @], == o.
The case with f € L'(G) is completely analogous. O

2.2 Convolution of measures

[ UNDER CONSTRUCTION ]
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3 Continuous representations

3.1 General representations

We will work exclusively with topological vector spaces over C. Some words on Hausdorff property:
a topological vector space V is also a topological group under +, therefore V' being Hausdorff is the
same as {0} = {0}. As easily observed, {0} C V is a closed vector subspace, thus V/{0} is a Hausdorff
topological vector space. The assignment V' +— V/{0} is functorial and is the left adjoint of the inclusion
functor

{Hausdorff ones} — {topological vector spaces}.

The main topological vector spaces under consideration are Hausdorff and locally convex; the latter
means that there is a basis of neighborhoods consisting of convex subsets. Alternatively, locally convex
Hausdorft spaces are exactly the topological vector spaces whose topology is defined by a separating
family of semi-norms.

Definition 3.1. Henceforth we denote by TopVect the category of locally convex Hausdorft topological
vector spaces over C. In contrast, Vect will stand for the category of C-vector spaces.

Remark 3.2. The property of being locally convex and Hausdorff is preserved under passing to subspaces
and to quotients by a closed subspace.

The direct sum of locally convex spaces carry a locally convex topology, characterized in categorical
terms. More generally, one can form the inductive limits h_r)n inside the category of locally convex spaces;

these limits are not necessarily Hausdorff, but one can take quotient by {0} to land in TopVect.

Example 3.3. The Hilbert, Banach, Fréchet and LF-spaces are all in TopVect. Every finite-dimensional
vector space V admits a unique structure of Hausdorff topological vector space, namely the usual one
coming from V =~ C4mV which is also locally convex.

Denote by Autrgpyect(V) (resp. Autyect(V)) the group of automorphisms of V' taken in TopVect
(resp. in the category of C-vector spaces); Autygct(V) is much larger than Autropyect(V) for infinite-
dimensional V.

We will consider certain linear left actions of a locally compact group G on a topological vector
space V. This is the same as prescribing a homomorphism 7t : G — Autyect(V) of groups; it can also
be recorded by the corresponding “action map” a : G X V — V with a(g, v) = gv = nt(g)v. The issue of
continuity is more delicate.

Definition 3.4. Let G be a locally compact group and let V in TopVect. A continuous representation
of G on the left of V' is a homomorphism 7t : G — Autyect(V) such that the corresponding action map

a:GxV —>V
(g, v) — gv:=mn(g)v

is continuous. The case of right actions is defined analogously, with the action written as (v,g) +— vg
with the property v(gg’) = (v9)g’, etc.

We denote a continuous representation of G as (1, V), V or 7 interchangeably, depending on the
context; call V = V_ the underlying vector space of 7. The shorthand G-representation will be used
extensively.

Definition 3.5. A morphism of G-representations ¢ : V; — V, is understood to be continuous homo-
morphism of topological vector spaces such that ¢(gv;) = g@(v;) for all ¢ € G and v; € V;. This
turns the collection of all G-representations into a category G-Rep, so one can talk about isomorphisms,
automorphisms, etc. in the usual manner. The morphisms between G-representations are also called
intertwining operators.
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Definition 3.6. A subrepresentation of a G-representation (V, 1) is a closed subspace V; C V that is
stable under G-action. A quotient representation is a quotient space V = V/V|, by a subrepresentation
V,, endowed with the quotient topology. In both cases, V; and V are naturally G-representations.
The G-action on a finite direct sum @id V; of G-representations {V;};c; makes it into a G-representation.
Call a G-representation V # {0} simple or irreducible if the only subrepresentations (equivalently,
quotient representations) are {0} and V. Call it indecomposable if V = V| @ V, with subrepresentations
V1, V, C V implies that either V; = {0} or V, = {0}.

One of the basic goals of representation theory is to classify the irreducible G-representations under
various constraints.

Remark 3.7. The category G-Rep is C-linear. In particular, the endomorphisms of a G-representation V
form a C-algebra End(V'). We caution the reader that, unlike the case of finite-dimensional representa-
tions, G-Rep is NoT an abelian category: already in the case of G = {1} so that G-Rep = TopVect, every
homomorphism ¢ : V' — W of topological vector spaces admits kernel (p‘l(O) and cokernel W/im(¢);
by taking injective ¢ with dense image, one can show that

ker(p) = 0 = coker(p), coim(p) ~V 5w~ im(p)

so that the canonical morphism coim(¢) — im(¢) is not an isomorphism if ¢ is not surjective, contra-
dicting the axioms for abelian categories. Sucha ¢ : V — W already exists for Banach spaces.

Let V be in TopVect with a given homomorphism 7t : G — Autyeet(V), so that G acts linearly on
the left of V. Consider the orbit map for every v € V

orb, :G—V
g > g’(),

The following result gives a convenient means to check the continuity of the actionmapa: GxXV —» V

corresponding to 7.

Proposition 3.8. For any V in TopVect and a left linear action of G on V (no continuity condition so
far), denote by 11(g) the map v +— gv. The following are equivalent:

1. the action map a : G XV — V is continuous, i.e. (V, 1) is a G-representation;

2. the conditions below hold: (a) there is a dense subspace Vy C V such that orb,, is continuous for
all v € Vy, and (b) for every compact subset K C G the family {Tc(g) ‘g€ K} of operators on 'V is
equicontinuous.

Proof. Suppose that a : G X V — V is continuous, then orb,, is continuous for all v € V; := V. Let
K c G be compact. Given a neighborhood W 3 0 in V, we have to find another neighborhood U > 0
so that 71(g)(U) € W for each ¢ € K. By the definition of product topology, for each g € K there is a
neighborhood Ug X U, 5 (g,0) in G XV that is contained in a~1(W). There is a finite subset T C K such
that K = (J,.; Uf; it remains to take U := (), U}

Conversely, assume (a) and (b), consider (g,v) € G X V and let W 3 0 be a neighborhood in V. We
seek a neighborhood U’ x U of (g, v) such that for all (¢’,v") € U’ X U we have

a(g’,v") —a(g,v) = (g )W —n(gve W.
For any such neighborhoods U’, U, use density to pick vy € Vo N U # @; then write 1t(g)v — m(g")v” as
(n(®)0 = 7(g)oo) + (m(g)vo — (" )o) + ((g Yoo = (g7 ) .
Assume U’ has compact closure, then 71(g)v — m(g)vy and 1(g")vg — 1(g")v” approaches zero when U

shrinks, by applying (b) to K := U’. Once vy € VN U is chosen, we can further shrink U’ to make
11(g)vy — 1(g")vp arbitrarily small. This concludes the proof. O
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Corollary 3.9. Let (V,|| - ||) be a Banach space and a left action of G on V (no continuity conditions so
far). Then'V is a G-representation if and only if (g) is continuous for every g and the orbit map g — gv
is continuous for every v € V.

Proof. 1t suffices to prove the “if” part. Take V; = V in Proposition 3.8 and check the equicontinuity of
{r(g) : § € K} C Autrppyect(V) for every compact K C G. More precisely, by the uniform boundedness
principle of Banach—Steinhaus, it suffices to notice that the continuity of orbit maps implies

sup ||7z(g)v|| < +00
g€k

for every v € V, which in turn implies the asserted equicontinuity. O

Example 3.10. Suppose that X is a locally compact Hausdorff space with a continuous right G-action.
Equip C(X) := {f : X = C, continuous} with the topology defined by semi-norms || - [0, := supg, || - |l
where Q) ranges over compact subsets of X. This makes C(X) into a member of TopVect. Let G act on
the left of C(X) by

gf =8f =[x f(x9)], feCX) g€GC.
Let us verify that C(X) is a G-representation. It has been observed that g(g' f) = (¢¢")f. Apply 3.8 with
V =V, as follows.

* For every chosen f € C(X), we contend that ¢ +— gf is a continuous map from G to C(X).
Continuity can be checked just at ¢ = 1. This amounts to showing that for every compact ) C X
and every € > 0, there exists a neighborhood U 3 1 in G such that sup_ ., [f(xg) — f(¥)] < €
whenever ¢ € U. Indeed, for every x € X there exist open U, > 1 and W, 3 x in G and X, such
that

@y €U x W, = |f(yg) - f() <e.

Now take a finite subcover of the open covering {W.,},cq of Q, and take U to be the finite inter-
section of the corresponding U,.

* Fix a compact K C G. For every ¢ € K and every compact () C X we know QK is compact, and

I7@©)f1 = @) f2llo,e = sup If1(xg) = f2(x)l < [If1 = fallak,co-

This shows the equicontinuity of the operators {r(g) : ¢ € K}.

Remark 3.11. When X is second countable, an increasing countable sequence of Q exhausts X, and it
suffices to treat the corresponding semi-norms. In this case C(X) turns out to be Fréchet. If X is compact,
it suffices to take () = X and X is a Banach space.

Example 3.12. Assume X is second countable. The same result in 3.10 holds for G acting on C.(X),
where
C(X) = 11_1‘1)1 C(X, Q)
Q

is equipped with the inductive limit topology, where
» Q) C X ranges over the compact subsets, and

e C(X,Q):= {f € C(X) : Supp(f) C Q}, topologized by the sup-norm || - ||o.
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Then C.(X) with gf(x) = f(xg) is also a G-representation on an LF-space, and this coincides with C(X)
when X is compact.

We check the continuity of G X C.(X) — C.(X) directly. Since G is locally compact, it suffices to
show the continuity of K X C.(X) — C.(X) a given compact subset K C G. By the definition of the
topology of h_r)n, we further reduce to the composite

KX C(X,Q) — Ci(X,Q - K) — Co(X)

where () C X is any compact. The continuity of < is evident, whilst that of KX C.(X, Q) — C.(X, Q-K)
is straightforward to check, as everything is compact.

Example 3.13. Let X be a locally compact Hausdorft space, endowed with a continuous right G-action.
For simplicity, we assume that X admits a G-invariant Radon positive measure u; this is indeed the case
when X is a homogeneous G-space isomorphic to H\G satisfying og|g = 6y, by 1.52.

For every 1 < p < oo, we have G acting on the Banach space V := [P(X) by gf =8f : x — f(xg) as
usual. This makes sense if f € C.(X), and ||8 f Il =1l f ll, for all ¢ € G. Therefore the action extends to
all f € LP(X) by an approximation argument.

Claim: [P(X) is a G-representation. We apply 3.8 with Vj = C.(X) as follows. The condition (b)
is satisfied since 7t(g) preserves || - ||p, hence equicontinuous. It remains to check (a) that g — gf is
continuous for every given f € C.(X), i.e. for every € > 0, there exists a neighborhood U > 1 in G such
thatge U = llgf - fll, <e.

Since Supp(f) is compact, there exists a neighborhood U > 1 such that for all ¢ € U,

If(xg) = f(x)| < eu(Supp(f))™F  for all x.

Then ||gf - f ||p < € as required; note that the argument also works for p = oo, and in that case we do not
need measures.

Representations on function spaces arising from G-actions on X, such as the examples 3.10, 3.12 and
3.13 are called regular representations. The most important case is X = G. When X = G is finite, we
revert to the usual regular representation on the finite-dimensional space C[G] = Maps(G, C).

We end these discussions by more terminologies.

Definition 3.14. Let (77, V) be a G-representation. If V is a Hilbert (resp. Banach, Fréchet) space, we say
that (7z, V) is a Hilbert (resp. Banach, Fréchet) representation. In each case, such representations form a
full subcategory of G-Rep.

3.2 Matrix coefficients

Definition 3.15. Let (1, V) be in G-Rep. Denote by V* := HomTgpyect(V, C) the topological dual of
V. It is customary to write (A, v) := A(v) for A € V*, v € V. Given A, v, the corresponding matrix
coefficient is the continuous function

CogA - G—C
g +— (A, m(g)v).

Matrix coeflicients is bilinear in A and v, which justifies the tensor notation.

Remark 3.16. Suppose V' # {0}. The Hahn—Banach theorem implies that for every v # 0 there exists A
such that c,g, (1) = (A, v) # 0.
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We can let G act on the left of V* by the contragredient: A +— 7t(g) := Aom(¢™!). However, the choice
of topological structure on V* is a subtle issue, and in practice it is necessary to pass to some subspace
of V* to obtain interesting continuous representations. At present, we do not put any extra structure on
V.

A Hilbert representation (7, V) is called unitary if 7(g) is a unitary operator for all ¢ € G. We will
say more about this in 4.1.

Remark 3.17. By Riesz’s theorem, the topological dual of a Hilbert space (V, (-|-)y/) is its Hermitian
conjugate V: it is the same space with the new scalar multiplication (z, v) + Zv for z € C, and becomes
a Hilbert space with (v|w)y = (w|v)y = (v|w)y. Every @ € V corresponds to the linear functional
v = (v|w)y.

The contragredient representation is therefore given by

Q) :="n(g)t: V>V

where *(---) denotes the Hermitian adjoint. It satisfies (77(g)w|mt(g)v) = (w|v).
When 7t is unitary, the contragredient reduces 7t(g) = 7(g); to emphasize the complex conjugation,
we will also write (72, V) = (7, V) in the unitary case, and it is again unitary.

Therefore 3.15 specializes as follows.

Definition 3.18. Let (7, V) be a Hilbert representation of G. For v € V and w € V, the corresponding
matrix coefficient is the continuous map

Cogw - G— C

g — (n(g)vlw)y
where (:|-) is the Hermitian form on V.

Lemma 3.19. Let (11, V) be a Hilbert representation of G. The matrix coefficients map w @V > Cygyp IS
bilinear from V x V. Moreover:

Cv®w(b_lxa) = Cn(a)v@ﬁ(b)w(x)/ (a/ b) €GX G/ X e G, (3.1)

Comw(X) = Cogo(x™), v,weV, x€G, ifnisunitary; (3.2)

Here we write Tt for the representation 1t of G on V, emphasizing that C,gy, is conjugate-linear in w. It
is also additive under orthogonal direct sum V1 ® V, of Hilbert representations, namely

Clov)8(ww)(X) = Cogu(¥) + Corgar (X) (3.3)
withx € G,o,w e Vyand v, w € V,.
Proof. When 7 is unitary, the identity (r(x)w|v) = (w|n(x 1)) = W proves (3.2). Next,
(rEHn(x)r(@)olw) = (nE)m(ayl(b)w)

translates into (3.1). L]

3.3 Vector-valued integrals

Vector-valued integrals are immensely useful for studying continuous representations. We shall consider
a weak version thereof, called weak integrals or Gelfand—Pettis integrals. The canon is surely Bourbaki
[3]; shorter surveys include [8, 3.26 — 3.29] and [4].
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Definition 3.20. Let X be a locally compact Hausdorff space and u a positive Radon measure thereon.
Let V be in TopVect, and f : X — V is a function such that A o f : X — C is p-measurable for all A
in the continuous dual V*. Suppose that A o f is p-integrable for all A, define the integral L f du as the
element

A f O, F@)du(), Ae Vs
X
in Homyeet(V*, €), i.e. the algebraic dual of V*.

Since we are working with locally convex Hausdorff spaces, V* separates points on V by the Hahn—
Banach theorem, and the natural map V' — Homyet(V*, C) is injective. Therefore it makes sense to ask
if L f du exists inside V, which will then take a definite value, called the weak integral of f du.

When V is a Banach space, the Bochner or the “strong” integrals are instances of weak integrals. Due
to its “weak” definition, Gelfand—Pettis integrals satisfy agreeable functorial properties, as illustrated
below.

Proposition 3.21. Let T : V — W be a morphism in TopVect. If L f du in the situation of 3.20 exists,

then so does L T f du and we have L Tfdu=T L f du. Here we identify T with the natural linear map
Homyget(V*, C) = Homygot(W*, C) it induces.

Proof. By definition, T Lf du is the linear functional on W* mapping each A € W* to </\ oT, Lf dy>,
which is nothing but L (A, Tf)ydu. Also, (A, Tf) = (AT, f) is u-integrable by assumptions. O

A Radon measure on X is called finite if the integration functional I : C.(X) — C is continuous for
the L*-norm. Denote the support of a measure u by Supp(u).

Theorem 3.22. Suppose that |1 is finite in the situation of 3.20. If f(Supp(u)) is contained in a convex,
balanced, bounded and complete subset B C V, then A o f is u-integrable for all A € V* and

f Fdu € u(X)-BcV.
X
Proof. This is in [3, §1.2, Proposition 8]. O
Remark 3.23. Most often we encounter the case of
* f: X — V is continuous,
* 1 has compact support.

In particular, f(Supp(u)) is compact. In this case, the premises in 3.22 are met whenever the convex hulls
of compact subsets in V have compact closures. The latter property holds for quasi-complete spaces —
see [4]. A topological vector space is called quasi-complete if every bounded closed subset is complete.
Completeness implies quasi-completeness as expected. In particular, 3.22 applies to Fréchet spaces in
this case.

Another example of quasi-complete spaces are the continuous duals of barreled spaces, endowed
with the topology of pointwise convergence. For instance, Fréchet spaces and LF spaces are all barreled.

Proposition 3.24. In the circumstance of 3.22, suppose that || - || : V' — Ryq is a continuous semi-norm

onV. Then
||f 2 B
X X

Proof. Take v = Lfdy € V. There exists A € V* with (A, v) = ||[v|| and |{A, w) | < ||w|| forall w € V
by Hahn—-Banach theorem. Insert this A into the characterization of L fdu. O
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3.4 Action of convolution algebra

In what follows, we will often write the integration of a measure f on a locally compact Hausdorff space
X as iex f(x), omitting the useless dx. It is convenient to adopt the notations for functions: given an

isomorphism @ : Y — X, write f o @ for the measure transported to Y, so that L fod= L f holds for
tautological reasons.
Let G be a locally compact group. Define the following space of Radon measures on G

A (G) := {finite complex Radon measures on G},
M(G) = {f € ./ (G) : Supp(f) is compact},
M (G) = {f € #(G) : f < any right Haar measure},
MAG) := 4 (G) N .ALG).
If a right Haar measure y on G is chosen, then LY(G) du = M (G).
Recall that a subset of G is called symmetric if it is invariant under ¢ — ¢~!. Likewise, we say a

function or a measure on G is symmetric if it has the same invariance. A topological group always has a
symmetric neighborhood basis at 1: replacing each neighborhood U 21 by U N U~! 5 1 suffices.

Definition 3.25. An approximate identity is a symmetric neighborhood basis 9t at 1 € G together with a
family ¢; € .#.(G), where U ranges over N, such that for all U € N,

* @ is positive of the form ¢; du where ¢; € C.(G) and u is a right Haar measure;
. L Qu = 1;

* Supp(py) € U, pu(8) = pug™).

When 9 is countable, an approximate identity can be conveniently described as a sequence @1, ¢y, ... in
M (G) with each @; symmetric and positive, and Supp(¢;) shrinks to {1} as 9t does.

Proposition 3.26. For every symmetric neighborhood basis 0t at 1 € G, there exists approximate iden-
tities supported on N.

Proof. Given U € N, use Urysohn’s lemma to construct ;. We can force @y;(¢) = @;(¢7!) by averag-
ing. O

Definition 3.27. Let (77, V) be a continuous representation of G on a quasi-complete space. Let .Z.(G)
act on the left of V by V-valued integrals

(@) = L PQr(Q), veV, pe. ),

whose existence is guaranteed by 3.22.

One should imagine that 7t(g) = 71(64) where 0, stands for the Dirac measure at .
In general,

n(hr(fymg™) = m("f8), ") = flhxg), (3.4)

where the left/right translation should be understood in terms of measures. The operation of bilateral
translations preserves the spaces .#Z (G), etc.
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Lemma 3.28. This makes V into an .#.(G)-algebra, namely

() € Endc(V),
T(apy + bgpo)o = arn(pq)v + br(p,)o,
1i(p1 * @2) = i(p1)1(Pr)0

forall p1, ¢, € M (G) and a,b € C. Furthermore, if (pu)uen is an approximate identity, then

li =7, eV
L}gj((ﬁu)v v, v

in the sense of filter bases.

Proof. The linearity is clear. As for the identity concerning convolution, consider v € V and A € V™.
The definitions of convolution and Gelfand—Pettis integrals lead to

(A, (@1 * @p)v) = (A, (ab)v) 1 (a)p, (D).
(a,b)eGxG

On the other hand, by 3.21 we have
(A, (@) m(a)v) = f A m@mnlp2)o) pr(a) = f . fb A @) 91 (@b,

Since 7t(ab) = m(a)7t(b) and A is arbitrary, this implies that 77(p1 * @)v = 7(@1)7(P;)0.
For the convergence, it suffices to show for every continuous semi-norm || - || that

lim |I(ppy)o ~ ol = 0

since V is locally convex. By 3.24, we have

In(pu)o - oll = || S ougro-o)
< [ eu@ln@o ol

Given € > 0, for sufficiently small U we have ||1t(g)v — v|| < € when g € U. Hence the last expression is
bounded by € L Qu =€ O

Lemma 3.29. The subspace 1@ (/C(G)) V of V is G-stable and dense. In fact, the subspace spanned by
1(py)V is already dense, when @ runs over an approximate identity (recall 3.25).

Proof. Apply 3.28. Note that .#Z,(G) is stable under (3.4), thus 7 (%Z(G)) V is G-stable as well. O

3.5 Smooth vectors: archimedean case

Let G be a locally compact group and (7, V) be a G-representation. The orbit map orb,, : ¢ + gv can
also be used to define representation-theoretic properties of vectors v € V.

Definition 3.30. Let P stand for a property of continuous functions G — V. For a G-representation V
and v € V, we say that v has the property P if orb, : G — V has.

Since v — orb,, is a C-linear map from V to Maps(G, V), if the functions with property P form a
vector space, so are the vectors with property P.
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In particular, when G is an analytic Lie group over a local field F, we can talk about C* (infinitely
differentiable) and C* (analytic) vectors in a G-representation, thereby bringing the smooth structure into
the picture.

Definition 3.31. The C®-vectors in V are called smooth vectors. They form a subspace
V® :={v € V : smooth vector} .

In the next few sections we will mainly be interested in the case of archimedean F. The same definition
pertains to non-archimedean case as well (see 1.38), but it has a quite different flavor. Note that for
archimedean F, one can actually talk about Ck-vectors where k € {0,1, ..., 00, w}.

In what follows we consider only F = IR. The case of C follows by “Weil restriction”, namely one
can view a C-group as an IR-group by dropping its complex structure.

For a Lie group G over F = IR, let g := Lie(G) ® C denote its complexified Lie algebra, and let U(g)
designate the universal enveloping algebra of g.

Definition 3.32. Suppose that G is a Lie group over R. Let (7, V) be in G-Rep. Define the eponymous
action 7t of the Lie algebra g by

i TEO T

Xeqg

d
(X))o := pm tzon(g(t))v = }11

for every v € V', where g is any differentiable curve in G with g(0) =1 and ¢’(0) = v; it is customary
to take g(t) = exp(tX).
Lemma 3.33. The operators 11(X) above yield a homomorphism of C-algebras

U(g) — End¢ (V™).

Proof. In other words (X, v) — m(X)v is a representation of the Lie algebra g. It boils down to check
that 7(X)(t(Y)v) — n(Y)(n(X)v) = n([X, Y])v forall v € V= and X, Y € g. This reduces the to basic

fact that ;
s
exp(tX) exp(sY) = exp (tX +sY + E[X' Y]+ higher) .

[ TO BE CONTINUED... ]

4 Unitary representation theory

Fix a locally compact group G.

4.1 Generalities

Recall that a pre-Hilbert space is a C-vector space V' equipped with a positive-definite Hermitian form
(]) = (|)y; if V is complete with respect to the norm ||7|| := (v|v)¥2, we say V is a Hilbert space.

Definition 4.1. A unitary representation (resp. pre-unitary representation) of G is a Hilbert (resp. pre-
Hilbert) space (V, (:|-)) together with a linear left G-action on V such that

* for every v € V, the map g — gv from G to V is continuous,

» for each g € G, the operator 7(g) : V — V from the G-action is unitary, i.e. ||7t(g)(v)|| = [[v|| for
allveV.
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Remark 4.2. In view of 3.9 with V; = V, a unitary representation is automatically continuous, and is the
same as a Hilbert representation (V/, 1) of G such that all 7t(g) are unitary operators.

On the other hand, pre-unitary representations can be completed to unitary ones.

Lemma 4.3. If'V is a pre-unitary representation, then the G-action extends uniquely to the Hilbert space
completion V of V with respect to || - ||, so that V is a unitary representation.

Proof. For every ¢ € G, the operator 7t(g) extends uniquely to a unitary operator on V. The relation
n(g)m(g’) = m(gg’) also extends to V. It remains to check the continuity of ¢ > 77(¢)v where v € V is
fixed. To see this, take vy € V and note that

lIm(@)v — (@)l < [Im(@)v — m(Q)voll + lI(§)vo — 7(g )voll + lI7(g”)vg — (gl

= llo = voll + [Im(@)vo — (8" )voll + |lvo — 2l
We conclude from the continuity of g — 7(g)vy, by taking ||vg — v|| sufficiently small. O

Definition 4.4. A morphism or an intertwining operator ¢ : V1 — V, between unitary representations
is a C-linear homomorphism ¢ such that

* ¢ is an isometry, i.e. preserves inner products: (v|w)y, = (@(v)|lp(w))y, for allv,w € V7,
* @ respects G-actions: gp(v) = @(gv) forallv € V; and g € G.

This turns the collection of all unitary representations into a category, which is a non-full subcate-
gory of Hilbert representations. Isomorphisms between unitary representations are also called unitary
equivalences.

Example 4.5. Let G acts continuously on a locally compact Hausdorff space; for simplicity assume
that X carries a G-invariant positive Radon measure. It is shown in 3.13 with p = 2 that L2(G) is a
G-representation. It is actually unitary, since we have pointed out in 3.13 that f +— gf preserves the
L2-norm || - [|,.

The finite direct sum @?: , V; of unitary representations V1, ..., V,, is defined so that the underlying
Hilbert space is the orthogonal direct sum of V7, ..., V,,. The case of infinite direct sum of (V;),¢; requires
more care: we have to use the completed direct sum @id V;, which is the completion of the pre-Hilbert
space @ie[ V..

The notion of subrepresentations and irreducibility of unitary G-representations are the same as the
case of continuous representations in general. On the other hand, quotients are unnecessary as shown by
the following complete reducibility.

Lemma 4.6. Let W be a subrepresentation of a unitary G-representation V. Then
V=We W
as unitary representations, where W+ :={v e V:Yw e W, (vjw) = 0}.

Proof. The orthogonal decomposition surely works on the level of Hilbert spaces. It remains to notice
that W is stable under G-action. O

In contrast to the case of modules, 4.6 does not imply that V' can be written as a direct sum of
irreducibles. In fact, in many cases V has no simple subrepresentations, as we shall see in 4.11.

The following is a unitary variant of the familiar Schur’s Lemma for irreducible representations of
finite groups.
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Theorem 4.7. Let (11, V) be an irreducible unitary representation. Then
EndG_Rep(V) =C- idv.

Proof. LetT : V — V be continuous and linear. Suppose that T commutes with G-action, then so is its
adjoint *T since
(wlg*Tv) = (Tg twlv) = (¢ Twlv) = (Twl|gv) = (w|*Tgv)

forallw € V and g € G. Write

T+*T T-*T
T = + V-1 ——.
2 2v-1
Therefore, to show that T is a scalar, we may suppose “T = T.
Now let 6(T) C IR be the spectrum of T. Apply the spectral decomposition for self-adjoint bounded
operators (e.g. [8, 12.23 Theorem]) to express T via its spectral measure E:

T= AdE(M).
o(T)

Here E can be thought as a projection-valued measure on the Borel subsets of o(T); it is canonically
associated to T. The irreducibility of V together with the G-equivariance of T imply that E(A N o(T)) is
either 0 or idy, for all Borel subsets A C IR; i.e. o(T) is an atom in measure-theoretic terms. It follows
that there exists a point A with E({A}) = idy,. Indeed, take any interval I; with spectral measure idy;
bisect it and pass to the one with spectral measure idy,, named I,, and so forth to obtain nested intervals
I; 51 O -+ suchthat (), I; = {4} for some A. The zero-one dichotomy then implies that E is supported
at {A}. Therefore T = A - idy. O

Corollary 4.8. A unitary representation (1, V) is irreducible if and only if Endg.pep(V) = C - idy.

Proof. The “only if” part follows from 4.7. Conversely, if W C V is a proper subrepresentation then
V =W @ WL by 4.6, hence

Endg_rep(V) D Endg.pep(W) ® EndG-Rep(Wl)
has dimension > 2. O

Another important consequence of Schur’s Lemma is the existence of central characters in the unitary
case.

Theorem 4.9. Let (11, V) be an irreducible unitary representation. There is a continuous homomorphism
Wy Zg — S, where Z¢, denotes the center of G, such that 11(z) = w.(z)idy for every z € Z¢. We call
w5, the central character of 7.

Proof. Central elements act on V' by scalar multiplication since they commute with G. This yields the
homomorphism w,, whose continuity and unitarity follow from that of (7, V). 0

In practice, it is convenient to allow any closed subgroup Z of Z;. By abuse of language, we also
say that (77, V) has central character @ on Z, if Z acts via the continuous homomorphism w : Z — S!.

Corollary 4.10. If G is commutative, the irreducible unitary representations are precisely the one-
dimensional unitary representations.

Proof. For commutative G we have G = Zg acts via w, on irreducible (7r, V). Conversely, one-
dimensional representations are clearly irreducible. O
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Example 4.11. Consider the unitary R-representation L?(IR). It has no irreducible subrepresentations.
Indeed, an irreducible subrepresentation must be generated by an L2-function f with f(x+£) = x(t)f(x),
where y is a continuous homomorphism R — $!. The only such L?-function is 0.

The next enhancement of 4.7 will be needed.

Theorem 4.12. Let (11, V) and (o, W) be unitary representations of G and assume that (11, V) is irre-
ducible. Let T be a G-equivariant linear map from a dense G-stable vector subspace Vo C V to W. If
the graph of T

I'r:={(v,Tv) e Vo x W:v e Vy}

isclosedin VW, then Vy = V and T is a scalar multiple of a morphism between unitary representations.

Proof. We shall make use of basic facts on unbounded operators from Hilbert spaces V to W in general;
see for example [8, Chapter 13]. Such an operator T is only defined on some subspace Z(T) of V, and
continuity is not presumed. When taking their composites, etc., domains must shrink suitably. In our
case Z(T) =V, is dense.

The first result is the existence of an adjoint *T defined on

G(T) = fwe W : (TOlw)w € Homropveat(Vo, €)},

uniquely determined by (Tv|w)y = (v]*Tw)y. Secondly, assume that I'r is closed, then Z(*T) is also
dense; then consider the unbounded operator Q :=1 + *TT from V to itself. According to [8, Theorem
13.13],

e I(Q)={ve I(T): Toe Z(T)} maps onto V under Q;

o there is a continuous endomorphism B of V such that im(B) ¢ Z/(Q) and QB = idy. In fact
b := Bo (for all v € V) is characterized in W & V by

(0,9) = (c,*Tc) + (-Th,b), be D(T), ce Z(T). 4.1

Now apply these results to our setting. The domain & (*T) is a G-stable subspace as Vy = Z(T) is. One
readily checks that *T : Z'(*T) — V is also G-equivariant. From the characterization (4.1), we conclude
that B is G-equivariant as well, hence B = A - idy, for some A € C* by 4.7, as QB = idy,.

Consequently Z(Q) = Z(T) =V and Q = A‘lidg(Q). This also implies Z(*T) D im(T). Now

L0 )y = o)y = A —-1)Ov)y, 0,0 €V
(ToITv')y = (TTolo")y = (A~ = 1)(oR) 'eV,

hence T is a scalar multiple of an isometry V — W. U

4.2 External tensor products

The theory of completed tensor products for general locally convex spaces V7, V5 is delicate. For our
present purposes, the case of Hilbert spaces suffices.

Definition 4.13. Let (V1, (-|);) and (V5, (-|-);) be Hilbert spaces. Write V; ® V, := V; ®¢ V, and equip
it with an Hermitian form by requiring

(01 ® Uy | Wy ® W) = (v1]wy)1 - (Vplwy)y, vy, wy € Vi, vy, wy €V,

and extend by sesquilinearity to all V;®V,. This is well-defined and positive-definite. Denote by V&V,
the corresponding completion of V| ® V5.
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The operation & is functorial in V; and V,, turning the collection of Hilbert spaces into a symmetric
monoidal category.

Now suppose that V; is the underlying space of a unitary representations 7t; of a locally compact
group G;, fori = 1,2. Let G; X G, act on V; ® V, via 111 ® 71»; this extends to an action on V&V,
by unitary operators. In order to stress that it is acted upon by G X Gy, it is customary to designate the
resulting representation by 711 ® 71,. Summing up, we obtain

(V1®V2, 7Ty ® nz) . unitary representation of Gy X G,.

Proposition 4.14. If 1y and 1, are both irreducible, then 11 R T, is irreducible as a unitary represen-
tation of Gy X G.

Proof. In view of 4.8, it suffices to show that every continuous G X Gj-equivariant endomorphism T
of 1y ® 7, is ¢ - id for some ¢ € C. Since this property can be tested by taking inner product with all
elements from V; ® V,, which are dense in V;®V,, it is equivalent to that

(T(01®02) | w1 @ W) = c(vilwy)y, - (V2lwp)y,

for all 01,07 and w1, Wyp.
To achieve this, first fix v,, w, € V, and define the endomorphism

(PWZrUZ . Vl —> Vl ®C = V1
vy (idv1 ® ('|w2)v2) (T(v1 ®v3);)
here we view (-|w,)y, as V, — C. It is continuous and G-equivariant, hence 4.7 implies ¢y, ,, =
Ay, 0, - 1y, for some scalar a,,, ,,,. Now we have a continuous linear map
A:Vy — (Vo)

Wy — [Uz g [le,vz:I .

Recall that (V,)* ~ Vz via the Hermitian form. A careful verification reveals that A is G,-equivariant,
hence A = ¢ - idy, for some ¢ € C. In other words, 4, ,, = c(v;|wy)y, for all v, w, € V. This implies
(T(01 @) | w1 @ w,) = c(vrlwy )y, - (Valwn)y,. O
Proposition 4.15. Let (11;, V) and (0;, W,) be irreducible unitary representations of G; fori = 1,2. If
71 R0y = Tip WOy, then T(; =~ O'Z'fOI"i =1,2

Proof. Suppose that T : 711 R o7 ~ Tt, K 0, is nonzero. Then there must exist v, € V, and wy, € W, such
that

(pwz,vz : Vl — Wl ®C = Wl
vy — (idwl ® (‘|W2)w2) (T(v1 ®0y))

isnonzero. As in the proof of 4.14, it is G;-equivariant and continuous, hence 7t; ~ g1 by 4.12. Switching
the roles of Gy, G, yields 7ty ~ 717. O

Of particular importance is the case G; = G = G, and (V1, V5) = (V, V), where (7, V) is a unitary
representation of G and (71, V) is its Hermitian conjugate; see 3.17. Recall that (x|y)y = (yIx)y.
By linear algebra, there is a C-linear isomorphism

_ o~ C
V®V — End;, (V) := {T 7 /—> V : finite rank, continuous} 42)

VR W Aygy = (lw)o.
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Equip End;, (V) with the Hilbert—Schmidt Hermitian inner product, which is positive-definite:
(AlB)ys := Tr(*B - A).
It is routine yet amusing to verify that *A e, = Aygw- Hence
(Avsw|Avew)yg = @0y - (@ W)y = @)y - (wlw')y

which equals the Hermitian inner productin V ® V.
Also recall that the space of Hilbert—Schmidt operators V — V is defined as

HS(V) := completion of End;, (V) relative to (-|-)ys.
The group G X G acts on End;, (V) and HS(V) by
(a,b)T = ni(a)Tr(b)".
This is visibly unitary and corresponds to the action on V ® V under (4.2).

Theorem 4.16. Let (11, V) be a unitary representation of G. The identification (4.2) extends to an iso-
morphism
R 7T ~ HS(V)

between unitary G X G-representations.

Proof. The identification is a G X G-equivariant isometry between V ® V and End;, (V). Now pass to
completion. O

Remark 4.17. Equip %1% (resp. HS(V)) in 4.16 with the C-algebra structure with multiplication

@RV)*x (ww') = @w)w®v, (resp. A% B:=BoA).

Then the isomorphism HS(V) > n®m respects the x-multiplications on both sides. Indeed, this reduces
to an application of
(1o")o * (o' )w = (vlw’)([0")w,

which indeed corresponds to (v @ v’) % (w ® w’).

4.3 Square-integrable representations

Fix a closed subgroup Z C Zg. Central characters of irreducible unitary representations will be defined
relative to Z. In view of 1.52, up to R, there exists a unique right Haar measure on G/Z, since the
condition Og|z = 6y is trivially satisfied: both are trivial from the very definition of 1.27.

As unitary representations are a special kind of Hilbert representations, it makes sense to consider
the matrix coefficients C,g,(¢) = (M()vlw)y forv @ w € V ® V as in 3.18. If (7, V) admits a central
character w,, as in 4.9, for example when (77, V) is irreducible, then

Cv®w(zg) = a)n(z)cz@w(g)r z€Z,8€G.

In this case |c,g,| factors through G/Z.
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Definition 4.18. Denote by L?(G/Z) the L?-space defined relative to any right Haar measure on G/Z.
More precisely, for every continuous homomorphism @ : Z — S}, set

= Z
12G/Z,w) =4 f:G g, [E)=w0@f), zeZ |
(1) { / Ifl € 12(G/2)
It is a Hilbert space under || f||2 = L/z | f|2 dy once a right Haar measure i1 is chosen. Specifically, one

starts from measurable f, and take the quotient by functions with ||-|| = 0 and so on. Likewise, we define
the other function spaces on G with (Z, w)-equivariance such as

" ) . fzx) = w(z)f(x), ze Z
CAG/Z,w) := {f : G — C continuous, Supp(f)/Z is compact }

Notice that L2(G/Z, w) is also a unitary representation of G under g : f(x) — f(xg) as in 4.5.

Definition 4.19. Suppose G is unimodular. An irreducible unitary representation (77, V) of G is called
square-integrable or a discrete series representation if the matrix coeflicient c,g;, is nonzero and lies in
L*(G/Z, w,,) for some w, v.

Such representations are also called essentially square-integrable in the literature, while the term
square-integrable is reserved to those with c g, € L?*(G), i.e. for Z = {1}. Square-integrable represen-
tations in the latter strict sense exists only when Z is compact, cf. 1.21 and the integration formula in
1.52; when Z is compact, both definitions coincide.

In 4.21 we will extend this definition to non-unimodular groups.

Lemma 4.20. Let (11, V) be an irreducible unitary representation (1, V) of a unimodular group G. The
Jfollowing are equivalent.

1. (71, V) is square-integrable;

2. Cogw € L2(G/Z,wy) for all v,w # 0, and if T : 0’ > Cygy is not identically zero, T is a G-
equivariant linear map from V into L*(G/Z, w,,) with closed image, which is a scalar multiple of
an isomerry.

3. there exists an embedding V — 12(G/Z,w,,) as unitary G-representations.

Proof. We begin with (1) = (2). Fix w,v € V with c,g, € L*(G/Z, ®,) nonzero. We begin by
showing that gy, € L2(G/Z, w,) for all v’. Set

Vo= {v' € V: cyey € LA(G/Z, @)}

This is a G-stable vector subspace by (3.1); it contains v, hence we infer from the irreducibility of V' that
V, is dense. Define a linear map

T:Vy— LAG/Z,w,), vV Cygy-
By (3.1) we see T is G-equivariant. Equip Vj with the Hermitian pairing
(v11v2) = (Viloy)y + (Tvy|Toy) 2.

We claim that V is a Hilbert space under ((-|-)), and the graph I'y is closed in Vy X L2(G/Z, w.,).

Indeed, (-|)) is evidently Hermitian and positive definite; we set out to show its completeness. The
choice of ((|-)) implies that for every Cauchy sequence (v});2; in V), there exists (v’, ¢) € VXL*(G/Z, w,)
such that v/ — v’ in V and Tv! — c in L>(G/Z, w,). Observe that v/ — v’ implies that

Coran(¥) = Corgn(¥)| = |(0()(@] - 0")aw)| < IIo} = o' - |
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so that Tv] — ¢,/ uniformly on G. On the other hand, one can pass to a subsequence to ensure Tv; — ¢
pointwise and a.e. Therefore ¢/, = ¢ sothatv’ € V. This proves both the completeness and closedness
parts of our claim.

By 4.12, the claim implies that Vj = V and T is a scalar multiple of an isometry. Such maps between
Hilbert spaces always have closed images.

To conclude (2), we must also show that c,g,y € L*(G/Z,w,) for all w’ € V. Via (3.2) and the
unimodularity of G/Z, this is subsumed into the previous case.

It is immediate that (2) = (3): if w is nonzero, then T furnishes the required embedding.

(3) = (1): Assume that (7, V) is a unitary subrepresentation of L2(G/Z, w,;) and v € V is nonzero.
There exists @ € L?(G/Z, w,;) such that (VI®)12(G/7,0) # 0- We may even assume that @ € C(G/Z, w,)
by density. Then v’ > (V'|@);2(G)z,4,) restricts to a continuous linear functional on V, of the form

v+ (v'|w)y for a unique w € V. Thus c,gy(1) # 0 and it remains to show Cyg,, € L2(G/Z, @,,).
Denote by p the chosen right Haar measure on G/Z. Put u(x) = @(x1) to express C,g,(g) =
(n(g)vIZTJ)Lz(G/Z,wn) as

[ e tyotg) du.
G/Z

Its absolute value is bounded by (Ju|  [v])(g) (convolution on G/Z). As |u| € C.(G/Z) and [v| € L%(G/Z),
it follows either from a direct analysis or Young’s inequality 2.4 with (p,q,7) = (1,2,2) that |u| % [v] €
L%(G/Z), as required. O

The third condition in 4.20 makes sense for any locally compact G, which leads to the following
general definition.

Definition 4.21. Let G be a locally compact group. An irreducible unitary representation (7r, V) of G is
called square-integrable or a discrete series representation if it is isomorphic to a unitary subrepresen-
tation of L2(G/Z, wy).

Theorem 4.22 (Schur orthogonality relation). Let (11, V) and (6, W) be square-integrable representa-
tions of a unimodular group G with w, = w,, and fix a right Haar measure u on G/Z.

1. If (1, V) and (6, W) are not isomorphic as unitary representations, then

f Cogo’ Cumn At =0
G/Z

forallv, v’ € Vandw,w’ € W.

2. In the case 1t = 0, there exists d(1t) € R., inverse-proportional to the choice of u, such that
L/Z Cogv’ Cwsw’ d# = d(ﬂ)_l(v|w)v(w'|0')v

forallv, v, w,w’ € V.

Proof. Write T : v — Cygy and S @ W — Cupeyr- They are scalar multiples of isometries and are
G-equivariant. Now

fG  Coow T 8 = (T0IS )26z, = (ST
But *S is also continuous and G-equivariant, thus A := *ST : V. — W is a morphism in G-Rep. Then

4.12 implies that A is a scalar multiple of a morphism between unitary representations. If (17, V) and
(o, W) are non-isomorphic, the only possibility is A = 0 and the first item is proved.

35



Next, assume 77 = 0. Then A = A,y ;s - idy for some A,/ ,» € C. This amounts to
f Coov’ Cueuw’ d‘Ll = AU/,IU’ ('UlZU)V.
G/Z
Switching v & v’ and w < w’ replaces the matrix coefficients by their complex conjugates. We deduce

/\v’,w’ (wlo)y = Av,w @'w")y.

Fix v = w # 0 in the equation above to see that A,y ,,» = c(w’[0")y for some constant ¢ depending solely
on (7, V) and y; it is proportional to p. Setting v = w = w’ = v’ to deduce ||Cv®v||%2(c/zw )= c(vlv)%/.
W7

As Cygy(1) # 0 whenever v # 0, we see ¢ > 0. Now set d(r1) = ¢! to conclude. O

Corollary 4.23. The convolutions of square-integrable matrix coefficients on G/Z are well-defined. In
fact, for irreducible unitary representations (11, V), (o, W) we have

Cogv’ * Cosuw’ (x) = L 17 Cosv’ (g_l)cw®w’ (gx) d#@)

_ A1) (0w )epey (X), T=0
0, T#0,
forallv',v eV and w,w’ € W.

Proof. Use (3.2), (3.1) and apply 4.22 to deduce

[ cuar&™M oo @ a6) = [ oo @cant®) du(@)
G/Z G/Z

d(m) M (n(x)wlo')(wlw’), m=0
0, T # 0.

In the first case, it equals d(71) ™1 (0]w’)C g (X). O

Now enters the bilateral translation on G. Observe that G X G acts on the right of G by (4,b) : x —
b~1xa. It acts on the left of functions G — C by

(a,b)f :x+— f(b'xa), x€G.

Proposition 4.24. The action ((a,b)f)(x) = f(b~ xa) makes L>(G/Z, w) into a unitary representation of
G XxG.

Proof. Since G/Z is assumed to be unimodular, this action is unitary; in other words G carries a G X G-
invariant positive Radon measure. The rest of the verification is akin to 4.5. O

Corollary 4.25. Let 1t be a square-integrable unitary representation of G with central character w on Z.
Then v@w +— d(11) "y vields an isomorphism from TR onto the irreducible GX G-subrepresentation
of L*(G/Z, w) generated by all matrix coefficients of .

Proof. The map is G X G-equivariant by (3.1) on V ® V. It is an isometry on V ® V by 4.22 since
@V ww)ygy = (vlw)y(@'[w)y = (vlw)y(@'[v")y.

These properties extends to V&V by density. The image of any isometry is closed. Irreducibility of TR 7
follows from 4.14. 0

Definition 4.26. The positive constant d(7t) is called the formal degree of 1. It depends only on the
isomorphism class of 7t and G, p. It is inverse-proportional to the choice of 1 and generalizes the notion
of dimension, cf. 4.41.
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4.4 Spectral decomposition: the discrete part
Fix a closed subgroup Z C Zs. We still assume G/Z unimodular, and fix a Haar measure p on it.

Definition 4.27. Let w : Z — $! be a continuous character. The discrete spectrum with central character
w 1is the subrepresentation

12..(G/Z, w) := E {n C L%(G/Z, w) : irred. unitary subrep.}.

By 4.20, every 7t in the sum is square-integrable and every square-integrable unitary representation
7 with w,|; = w intertwines into L% (G/Z, ) via matrix coefficients.

Lemma 4.28. Every irreducible unitary subrepresentation of L>(G/Z,w) lies in the closed subspace
generated by matrix coefficients of square-integrable representations of central character w on Z.

Proof. Let C stand for the closed subspace generated by all square-integrable matrix coefficients of cen-
tral character w on Z. If the assertion does not hold, some irreducible subrepresentation (7r, V') would
have non-trivial orthogonal projection to C+. The projection being G-equivariant, 7t can be embedded
inside C+. This is contradictory as explained below.

Assume that V € Ct and f € V is nonzero. Express y as ug/pz according to 1.53. There exists a
real-valued ¢ € C.(G) such that the function

D(g) := (¢ % f)() (continuous by 2.5)
= [ fromauct) = [ [ flrp(Enw@ duz(@ dut)
G GizJz

= [ fo)p iyauc
G/Zz

is not identically zero, where

Pul) = [ 0@ duz ), . € CUGIZ ).
This is indeed possible by 3.29 since
@) = [ pUfirs) ducth = L@)f©)
where L denotes the continuous G-representation L(h) f(x) = f(h~'x) on L>(G/Z, w).

Note that D(g) = Cfe(g) Where w € Vis such that (-l,);2(G/7,,) = (1w)y. We infer that (Dlcsgy,) =

||q)||%2(G 17,0) # 0. On the other hand, since G/Z is unimodular,

@) = [ F09)000 - Granl) ) ap)

=f(f.wmmwwwwﬁwwwo
G/Z G/Z
@D = fG Ll eontn) oy, @l auti

The inner integral vanishes by assumption. Contradiction. O

In general, it may happen that L. (G/Z, ) = {0} for all w. See 4.11.

disc
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Theorem 4.29. For each unitary character w of Z, there is an isomorphism of unitary GXG-representations

Coeff: (P mmn— 13,.(G/Z, @)
s

(0 ® W)y +— D, A(T)Cy o0,
7T

where

» (11, V) ranges over the square-integrable representations with central character w on Z, taken up
to isomorphism,

» GXGacts on L2(G/Z,w) by ((a,b)f)(x) = f(b'xa), and
* the @ is a completed orthogonal direct sum of unitary G X G-representations.

Moreover, T R Tt are pairwise non-isomorphic; i.e. the decomposition above of unitary representations
is multiplicity-free;

Proof. Combining 4.22, 4.25 with 4.28, we see that matrix coefficients from different 7t are orthogonal
and they generate L(Zﬁsc(G/Z, w). The representations 7t R 77 are pairwise distinct by 4.15. O

Remark 4.30. Under Coeff, the multiplication on HS(V;) ~ = ® 7t defined in 4.17 corresponds to con-
volution on LﬁiSC(G/Z, w). Indeed, (by density) this is merely a restatement of 4.23.

The next result describes the Hilbert—Schmidt operator on V, in terms of the corresponding matrix
coeflicient.

Lemma 4.31. Let (11, V) be a square-integrable unitary representation with central character w on Z.
Consider ¢ := Coeff(v ® w) € L2(G/Z, w) N C(G/Z, w), where v @ w € V ® V. Then the vector-valued
integrals

(@) = fc PO ), eV

defines an operator V.— V, which equals the (-|lw)v € HS(V) determined by v ® w.

Proof. We determine 7t(¢)v” by applying (-|w") € V*, where w’ € V is arbitrary. By (3.2) and 4.22, this
equals

[ o@rEv)du@ = ) [ o )@k du(@)
G/Z G/Z

= d(n) fG  Cveu T Q= (/) ol).

Hence nt(¢)v” = (v'|w)v and defines a linear endomorphism on V. O

4.5 Usage of compact operators

We make systematic use of the formalism in 3.27.

Lemma 4.32. Let ¢ € M (G) and let (11, V) be a unitary representation of G. Define P©Q) = p(g7Y) in
the sense of measures. Then

‘() =7 (§).
In particular, if  is real-valued and ¢(g) = @(¢Y) for all g, then 7(p) = *1t(¢).
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Proof. Forallv,w eV,

(n(@)olew) = fG P()(m(g)vlw) = fG P()@ln(gw)

= [ p@ERR) = [ #RrEwio)
G G
- @) = (e 7))

O

Example 4.33. Now consider G acting on L2(G/Z, w) where Z C Zg isclosed and w : Z — Slis a
chosen continuous homomorphism; call this representation R. Choose a right Haar measure u on G/Z,
with ¢t = ug/uz as in 1.53 (note that 6gl; = 1 = 07). Assume that ¢ € C.(G)du. It is more or less
routine to verify that

(R @ = | @9 ducts)
= fG y Ko (x, v) f(y) ducz(Q)

with
K, (x,1) = 66(0)! fz Pz ) duy(z), 1y eG. 4.3)

Clearly K, (x,y) : G X G — C s continuous and satisfies
K,(xz',yz") = w(@)w(@") Ky(x,y), 2,2" € Z.

It expresses R(¢) as an integral transform on L2(G/Z, w) with kernel K, This is slightly different from
the usual picture, since a character w intervenes.

Lemma 4.34 (Gelfand—Graev—Piatetski-Shapiro). Let (11, V') be a unitary representation of G. Suppose
that there exists an approximate identity (¢)yen (recall 3.25) such that each i(py) : V. — Visa
compact operator. Then (11, V) is a completed orthogonal sum of its irreducible subrepresentations.
Moreover, each irreducible constituent appears in this decomposition with finite multiplicity.

Proof. The following arguments are due to Langlands. Set
- := {sets of mutually orthogonal irreducible subrepresentations C 7t} .

Note that .%” is nonempty since @ € X, and it is partially ordered by set inclusion. Zorn’s lemma affords
a maximal element S € .%”: indeed, every chain in . has the upper bound furnished by taking union.
Consider the subrepresentation 7t := @GE 0 of 7. We claim that 1ty = 7.

Let the subrepresentation 771 of 7t be the orthogonal complement of 77;. We will derive a contradic-
tion from 71y # {0} by exhibiting an irreducible subrepresentation inside 7t;, which would violate the
maximality of S.

Denote by V| C V the underlying space of 771. By 3.28, there exists ¢; from the approximate identity
such that T := m(¢y)ly, # 0. Note that T is a self-adjoint compact operator since 7t(¢y;) is, by 3.25
and 4.32. The spectral theorem for such operators (eg. [8, Theorems 4.25 + 12.23]) implies that T has
an eigenvalue A € IR \ {0}, and the eigenspace VlT =% is nonzero and finite-dimensional. Take a subspace
V? ¢ VI= of minimal dimension subject to the condition that V} = WT=* = W n VI=" for some G-
stable closed subspace W C V. Among these W, their intersection W,,;, = ({W : WI=A = V*l’}
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is the smallest one. We contend that W, is irreducible. Otherwise there would be an orthogonal
decomposition W,;, = A @ B into nonzero G-stable closed subspaces, and

V] = Wit = AT=1 @ BT=1,
The minimality assumption on th’ implies that V;’ equals AT=* or BT=A, but this contradicts the mini-
mality of W;,.

We conclude that 7 = @Ue - Suppose that some irreducible unitary representation o (considered
up to isomorphism) intervenes with multiplicity 7. Then for every ¢(; in the approximate identity, 7t(¢y;)
will restrict to m-copies of 0g(¢;). By assumption we may choose ¢; such that 0y(¢;) # 0, thus has a
nonzero eigenvalue A. As the A-eigenspace of 7t(¢y;) is finite-dimensional, 7 must be finite as well. [

Proposition 4.35. In the setting of 4.33, suppose that G/Z is compact, then L*(G/Z, w) decomposes into
a completed orthogonal direct sum of irreducible unitary representations, each constituent appearing
with finite multiplicity.

In particular, LX(G/Z, w) = L2 .(G/Z, w) when G is unimodular.

disc

Proof. Tn view of 4.34, it suffices to show that each ¢ € C.(G) acts on L>(G/Z, ) via compact operators.
In fact they act as Hilbert—Schmidt operators: a standard result asserts that integral operators on L?(X)
prescribed by a kernel K € L2(X x X) are Hilbert—Schmidt. If X is compact then every continuous
K: X x X — Cis L2 One can take X = G/Z if = 1, but the arguments with @ : Z — S! and K,
satisfying (4.3) are entirely analogous. O

4.6 The case of compact groups

Suppose that G is a unimodular group and G/Z is compact. Therefore all irreducible unitary representa-
tions of G are square-integrable relative to Z. Fix a Haar measure u on G/Z.

Proposition 4.36. Every irreducible unitary representation (11, V) of G is finite-dimensional.

Proof. The argument below is credited to L. Nachbin. Take a nonzero v € V. Define for all w € V the
vector-valued integral

Aw = f (wln()0)y - 1(g)o du(g).
G/Z
By 3.24 we know ||Awl|ly < ||lw|ly - IIUII%/ - u(G/Z), and A is easily seen to be G-equivariant as G acts
unitarily. Hence A = A - idy, for some A € C by 4.7; moreover (Av|v)y, = f (0| (g)0)? du(g) implies

A > 0. Now let V{; C V be any finite-dimensional subspace with the corresponding orthogonal projection
E:V — Vyc V. Consider EA restricted to V|, to obtain

f (- [En()0) - En(@)o du(g) = A-idy, : Vo — V.

G/Z

Inside End¢(Vj), we take traces on both sides and pass it under the integral sign to deduce

WG/l > f IER(2)ol du(g) = A dim V.
G/Z

This bound shows that dim V is finite. O
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Theorem 4.37 (Peter—Weyl: the L? version). Let w : Z — S! be a continuous homomorphism. There is
an isomorphism of unitary G X G-representations

Coeff: P HS(V,) = EP nwn = [2(G/Z,0)

Tirred Tirred
wrlz=w wrlz=w

(0 ® W) +— D, A(T)Co, g0,
T

and the decomposition is multiplicity-free.

Consequently, the matrix coefficients of irreducible unitary representations with central character w
span a dense subspace in L>(G/Z, w).

Furthermore, the inverse of Coeff is determined as follows. Let @ be a matrix coefficient of 1t, then

Coeli™ () = 7(¢) == [ pl@Im(g)du(g) € Ende (Vs
G/Z

Proof. To obtain the decomposition, simply combine 4.29 with 4.35. The inverse map follows from
4.31. O

Remark 4.38. In deriving 4.37, we did not use the fact that each irreducible 7t has finite dimension. In
fact, we can deduce 4.36 from 4.37 as follows. Restrict G X G-representations to G X {1} =~ G, so that the
spectral decomposition degenerates into an isomorphism of unitary G-representations

P nev,. =126z, 0)

T

where V still carries its Hilbert space structure, but now with trivial G-action. By 4.35 we know 7 must
occur in L?(G/Z, ) with finite multiplicity, which is exactly dim V..

Corollary 4.39. The space L*(G/Z, w) is closed under convolution . Specifically, if each VH®V_H (resp.
HS(V,,)) is endowed with the C-algebra structure from 4.17, then Coeff is an isomorphism between C-
algebras with multiplication given by % on both sides.

Proof. Since L*(G/Z,w) ¢ LY(G/Z, w) by compactness, L2-property is preserved under convolution by
2.3. It remains to check the compatibility of the map with convolution on each 77 ® 72, and this is exactly
the content of 4.30. 0

Finer properties of the spectral decomposition will be studied in the section on direct integrals.

4.7 Basic character theory

We keep the assumptions from §4.6: G is a locally compact group, Z C Z is closed and G/Z comes with
a chosen Haar measure p. Fix a continuous homomorphism w : Zg — S!. Throughout this subsection,
we choose the Haar measure normalized by

wG/Z) =1.

For endomorphisms of finite-dimensional vector spaces, it is safe to take trace. The following is thus
justified.

Definition 4.40. The character of a finite-dimensional unitary representation (77, V) of G is the contin-
uous function

0,:G—C
g Tr(n(@): V- V).
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We clearly have @ o, = ©,+0, and O = @)_n Note that ®,; does not involve choices of measures.
Proposition 4.41. The formal degree of an irreducible unitary representation (11, V) equals dim V.

Proof. Choose an orthonormal basis vy, ..., v; of V. Then 1t(g)vy, ..., (g)v,; form an orthonormal basis

for every ¢ € G. Then (cvi@,z,j (g))1 _ is a transition matrix between orthonormal bases, hence unitary.
<1,J<

It follows that Y, j |cvi®vj(g)|2 = d. Integrate both sides over G/Z and apply 4.22 to see Zij d(n)y™! =4,

that is, d(mt) = d. O

Theorem 4.42. If vq, ..., v, is an orthonormal basis of an irreducible unitary representation (11, V) of
G, then

d
©r(9) = X} Cuen(8) € C(G/Zg, wr).
i=1
Furthermore, for any two irreducible unitary representations 1,0 of G with central character w on Z,

1, m=~o
(®n|®0)L2(G/Z,w) - {0’ T o.

Proof. For any linear endomorphism A : V. — V we have Tr(A) = E?zl(Avilvi). This proves the first
assertion. The second assertion stems from Schur’s orthogonality relations 4.22 and 4.41. O

Theorem 4.43. For the adjoint action f(x) LA f(g7x¢) of G on L*(G/Z, w), the invariant-subspace is

[2(G/Z, w)C = @ Co,..
Tirred
wan:w

Proof. We know that t® 7t = HS(V ;) = End¢(V;) as G X G-representations by 4.16. The adjoint action
f(x) — f(g 'xg) mirrors the diagonal G-action on TRz, which in turn corresponds to A > 7t(g) Art(g) ™!
on End¢(V,;); topology does not matter here since dim V,; < +oo.

Hence the space of G-invariants matches Endg(r) = C - id by 4.12. In fact, id corresponds to
2,0i®0; €V, ® V., where vy, 0, ... is any orthonormal basis; it has norm d(7) and maps to d(11)©,, €
L%(G/Z, w) under Coeff. O

As in the case of finite groups, characters distinguish representations.

Proposition 4.44. Let 11,0 be finite-dimensional unitary representations. Then 1 ~ ¢ if and only if
0,=0,.

Proof. Decompose 7t and ¢ into orthogonal sums of irreducibles, which is possible by 4.6, and then
apply 4.42. O

5 Unitary representation of compact Lie groups (a sketch)

Throughout this section, Lie groups are always taken over IR. For a Lie group G we denote by gy its real
Lie algebra, and g := gy ®g C. Denote the center of g as 3. Below we write i = V-1.
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5.1 Review of basic notions

Let G be a connected compact Lie group. Below is an incomplete collection of basic results on the
structure of such groups. The reader may consult any available text on compact Lie groups for details,
such as [5].

* The exponential map exp : gy — G is surjective.
 The Lie algebra is reductive, namely go = 39 ® [0, 99] and [g, go] is semisimple.

*» The Lie subalgebra 3, corresponds to the identity connected component (Zz)° of Z, and [gg, 8o]
corresponds to a closed Lie subgroup G,,. We have G = (Z3)° - Gg. In particular, G is a compact
semisimple Lie group.

* A torus means a connected commutative compact Lie group. Therefore the group Z; above is a
torus.

* A theorem of Weyl asserts that every compact semisimple Lie group admits a finite covering which
is a connected, compact and simply connected Lie group. Applied to G, there is a finite covering
of G of the form

ZX Gy > G, 5.1

where Z is a torus and G, is a connected and simply connected compact Lie group.

Let T be a torus. Since exp : t — T is an open surjective homomorphism between Lie groups, we
see to/Z =~ T where ¥ := ker(exp) is a lattice in t;. Consequently, T ~ (R/Z)%™T as Lie groups.
Define the character lattice as

X*(T) := Hom(T,$?) < itj C t*

Here Hom is taken in the category of Lie groups, and the inclusion is given by mapping xy : T — S! to
the A € it such that
x(exp(X)) = exp({A, X)), X €t;

so A is essentially the derivative of x at 1. This identifies X*(T) with a lattice in it;, namely
[Aeity : AM(2) c2miz),
and ¥ corresponds to —A whenever y corresponds to A. It is sometimes beneficial to read yx as “e!”.
Now we consider maximal tori in G: they are closed tori T C G, maximal with respect to inclusion.
* The Lie algebra t; of a maximal torus T is an abelian subalgebra in g, and vice versa.

* The maximal tori in G are all conjugate.

* Given a maximal torus T, every element is conjugate to some element of T. If t,t' € T are
conjugate in G, then they are actually conjugate in the normalizer Ng(T).

» Z is contained in the intersection of all maximal tori.

Fix a maximal torus T C G, there is a decomposition

g=te @ A

aed(g,1)

into T-eigenspaces under the adjoint action Ad : T — End¢(g). Here @ = ®(g, t) C itj is the set of roots
for (g, t); all the subspaces g, are 1-dimensional. This yields a reduced root system on ity. By choosing
a system of positive roots, we decompose ® = ®* LI (- ).
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Given any root a, the associated coroot is denoted by ¢ € it.
The positive coroots ¢ cut out the “acute Weyl chamber”

@, = ﬂ {@>0)c X*(T)®R = it};

aedt

the elements of &, are called dominant. Denote 77} := (1 o+ {d > 0}.
The algebraically defined Weyl group (g, 1) is generated by root reflections

Spi AP A-Ada, aed

on ity. It is a finite group. It also acts on ity by duality: we require that (wA, X) = </\, w‘1X> for all

w € (g, 1)

It turns out that Q(g, t) together with its action on it* is canonically isomorphic to the analytically de-
fined (G, T) = Ng(T)/Z(T). This is essentially done by reducing to the case gy = su(2). Furthermore,
&, is a fundamental domain for the Q(G, T)-action: we have

ity = U we,,
weQ(G,T)
wtw = wéNwE =g,
Ae@, NwAe®,) = wA=A
The reflections relative to simple roots in ®(g,t) generate ()(G, T). We write £ : W — Z for the
length function for Q(G, T) with respect to these generators. Recall that (<1)/0) : Q(G,T) — {+1}is a
homomorphism of groups.
When G is semisimple, we define
P
Q:

NeX(T)®R:Vaed, (A,d) ez},

Z Zao.

aedt

It is a general fact about root systems that they are both lattices in X*(T) ® R, and
Po>X(T)>Q

If G is simply connected (resp. Zg = {1}, i.e. adjoint), then P = X*(T) (resp. Q = X*(T)). For semisimple
G in general, P/X*(T) =~ 11(G,1). In any case, P contains the half-sum of positive roots

p::% Y, a €P.

acd+

5.2 Algebraic preparations

Definition 5.1. For any Q-stable lattice A C X*(T) ® R, and any commutative ring A (usually A = Z)),
the elements of the group A-algebra A[A] are expressed uniquely in the exponential notation

Ycaet, cpeA:  finite sum
AEA

subject to the relation e'e# = e and the usual laws of algebra. The Weyl group Q(G, T) acts A-linearly
by mapping e’ to e?*.
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Once an isomorphism A ~ Z®" is chosen, Z[A] is identifiable with Z[Xlﬂ, .., XZ1]. In particular,
Z[A] is a unique factorization domain since it is a localization of Z[X1, ..., X,]. Same for C[X*(T)].

Fix a maximal torus T C G together with a system of positive roots @+ C @ = P(g,t). We will
mainly work inside Z[X*(T)]. Keep in mind that A € X*(T) (thus the symbol e?) also signifies the
character T — S! mapping exp(X) to exp({A, X)), for all X € t,. By linearity, we obtain a map

C[X*(T)] — C(T).

As X*(T) C it}, it is reasonable to define the complex conjugation in C[X*(T)] by
Yt =D e
A A

which extends the complex conjugation on Hom(T,$') c Z[X*(T)].

Lemma 5.2. The map C[X*(T)] — C(T) is an embedding of C-algebras, where C(T) is equipped with
pointwise addition and multiplication. It is (G, T)-equivariant and respects complex conjugation on
both sides.

Proof. For injectivity, apply the linear independence of characters to T. The other assertions are inherent
in the construction. 0

It is convenient to enlarge X*(T) to the commensurable lattice A := %X*(T) to accommodate for
elements like e%/2, for @ € ®@. Notice that A’ C A implies Z[A’] € Z[A].

Definition 5.3. The Weyl denominator is the element

A= eP H (1 _ e—a) — H (ea/Z _ e—a/z)

acdt aedt

which lives in Z [%X”(T)], or Z[P] if G is semisimple.
Several algebraic lemmas are in order.

Lemma 5.4. For every w € Q(G, T) we have wA = (=1)/@A,

Proof. It suffices to check this for w = sg where 8 € @ is a simple root. Use A = [T _p+ (€42 — =12)
and the fact that sg(e) € W* foralla € @ ~\ {B}, and sg(B) = —p. O

In what follows, it would be convenient to be able to expand (1 — e~*)~! in a formal series Yoo ek

for every @ € ®*. For every lattice A € X*(T) ® R, we can "complete” Z[A] in the direction of the
closed cone _% C X*(T)®RR (the negative “obtuse Weyl chamber’) generated by —(® *) to accommodate
such formal series. Specifically, we start with the monoid algebra Z[_% N A], take its adic completion
with respect to the interior ideal generated by _%Z° N A; finally, invert {e* : A € A} to reach the desired
algebra.

Lemma 5.5. Suppose that A is a lattice in X*(T)®R. If u,v € A\ {0} are not proportional, then1 —et,
1 —€¥ do not generate the same ideal in Z|\].

Proof. By working in some “completion” of Z[A] as explained earlier, we expand

1-e#

—1_ kv _ kv _ kp
T 1 eF)EeV Ze" Ze‘”.

k>0 k>0 k>0

If @, B are linearly independent in X*(T) ® R, there will be infinitely many nonzero terms, so 1—e"” cannot

1-¢
e ]

divide 1 — e* in Z[A]. The same reasoning applies to
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Lemma 5.6. Suppose that A is an (G, T)-stable lattice in X*(T)®R such that {\, &) C Z. forall a € O.
An element x € Z[A] satisfies wy = (<1)!@x for all w € (G, T) if and only if x € A - Z[A]¥CED.

Proof. Given 5.4, it suffices to prove the “only if” direction. Using
* the unique factorization property in Z[A],
* 1-¢*and 1 - e? do not generate the same ideal since ® is a reduced root system,
* and the fact that e € Z[A]* for all p,

it suffices to show that (1 —¢™) | x foralla € ®*. Write y = ¥, c 12, By assumption we have
Csa/\ =-Cy, AEA

and s, (A1) = A — (A, &) a. Collecting {1, s, }-orbits, we see that y can be expressed as a Z-linear sum of

expressions
oA _ pAAia — ph (1 _ e—()\,éoa) )

The last term is divisible by 1 —e™ as k := (A, &) € Z; handle the cases k > 0 and k < 0 separately. [

Remark 5.7. There exists a lattice A C X*(T) ® R such that A D X*(T) U {p} and (A, &) C Z for all
a € @. For example, in the finite covering 7t : Z X Gy, » G of (5.1), take a maximal torus in Z X G,
of the form Z X T, that surjects onto T, and consider A := X*(Z X T.). Pull-back induces X*(T) — A
whereas X*(T) ® Q = A ® Q. On the other hand, the roots remain unaltered under pull-back since 7t
induces an isomorphism on Lie algebras.

Definition 5.8. Take A asin 5.7. For A € Z[X*(T)]| N & ™", define

XA = AL Z (_1)€(w)ew(/\+p)
weQ(G,T)

— H a- e—a)—l E (_1)€(w)ew(/l+p)—p‘

acd* weQ(G,T)

It is a priori an element in the ring of fractions of Z[Al].
We will show in 5.10 that x, is independent of the choice of @+,
Lemma 5.9. For every A € Z[X*(T)], we have x, € Z[X*(T)|¥C7),

Proof. Fix A. Clearly EweQ(G T)(—l)f(w)ew(“/”) varies by (—=1)‘) under the Q(G, T)-action on Z[A],

hence lies in AZ[A]2(©T) by 5.6. On the other hand, the second expression of x, can be expanded into a

formal series by completing Z[A] (thus Z[X*(T)]) in the direction of the closed cone generated by ®*.
Observe that w(A + p) = wA + (wp — p) € X*(T) as

wp—-p=- Z a €Q.
acd*
wagd*

So the expansion of x in formal series involves only et with u € X*(T). A comparison with the previous
step shows that x; € Z[X*(T)]?CD, -

Remark 5.10. It is a standard fact that the choices of @ * in @ form a Q(G, T)-torsor under conjugation.
If we pass from @ * to wd*, then x, is also transported by w. The result above shows that x, is actually
independent of ® 7.
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Write x, = Z# cuet and let Supp(x,) = {y eX(T):ic, # O}. As observed above, Supp(x,) is
Q(G, T)-stable.
For A, A" € X*(T) ® R, we write

A<N & NV=-A= ) na (5.2)

acdt g)'

Lemma 5.11. Let A € X*(T). We have A € Supp(x,) and it appears with coefficient 1. If 11 € Supp(x ;)
then L = A = %, o+ Mot for some coefficients n, € Zq; in particular . < A.

Proof. Work in a suitably completed group algebra to write

xy=e?’ H (l +e Y+ e 4 ) 2 (=1){@)ew(d+p)

acdt weQ(G,T)
= H (1 4o 420 4 ) E (_1)€(zu)ezv(A+p)—(A+p).
acdt weQ(G,T)

The basic theory of root systems says w(A + p) — (A + p) is always of the form — ¥ _.+ n,a, with
Ny € Zsg, and is trivial only when w = 1. U

Lemma 5.12. Let A, u € X*(T) N Z,. The coefficient of 1 = ¢° in XAAx LA equals |Q(G, T)| (resp. 0) if
A= (resp. A # ).

Proof. Look at the coefficient of ¢¥ in

(G, T)|™? Z(_l)t’(w)ew(MP) . Z(_l)é‘(v)e—v(#+P)
v

w

= |Q(G, T)|—1 Z(_1)(’(w)+€(v)ew()\+p)—v(y+p)'
w,0

Suppose that w(p + A) = v(p + p). Since p + A, p + u € €5, this implies w = v and A = p. Therefore
e® appears with multiplicity |Q(G, T)| in 2w v(—l)f(w)w(v)ew(“ﬁ’)‘v(“p). O

5.3 Weyl character formula: semisimple case

Still assume G to be a connected compact Lie group with maximal torus T, and choose a system of
positive roots @ C @ = d(g, t). Fix the Haar measures ug on G and up on T, both of total mass 1.
Notice that since @ = @+ L (-D7),

AR =TJa-e=]] -1 €z[x(T),

acd aed

thus defines a continuous function on T. We denote this function as |AJ2.

Theorem 5.13 (Weyl’s integration formula). If f : G — C is measurable, then

1 )
J e = e ] f( ey GNP dGex )T,

where |1 = lg/uT is the measure on T\G prescribed in 1.53.
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Proof. Note that y(G/T) =1 by plugging f =1 into (1.9). We shall transform the integral by pulling it
back through the submersion

A (M\G)XT — G
(Tg, x) — g lxg.

In doing integration we can work on a dense open subset of G (resp. T)). Here we consider the regular lo-
cus Gieg (resp. Treg); t € T lies in Ty if and only if Z(t) = T; set Gy = UgeG ¢t T1ee8- Once restricted
t0 Gyeg, the map A becomes a (G, T)-torsor with the left Q(G, T)-action by (Tg, x) — (Twg, wxw ™).
Indeed, if gxg™! = hyh™! € Gieg then x is conjugate to y through a unique w € (X(G, T), with represen-
tative @ € G. Thus @ 'h~lg centralizes x, so that @~ 'h~1g € Ng(T) and has trivial image in Q(G, T),
showing that gxg¢~! and hyh™! differ by a unique w € Q(G, T).

It remains to pinpoint the Jacobian. Choose the invariant volume forms on g, ty and gy/ty which
match the volume forms for pg, pr and p at 1 = exp(0) via the exponential. Decompose g = t & p with
p= @a 0,; the latter is actually defined over R, namely p = py ® C, and pg carries the corresponding
volume form.

Scrutinize the local behavior of A around a chosen (T, x):

po X 19 3 (X, Y) = g7 exp(=X) exp(Y)x exp(X)g.
Using the invariance of Haar measures under bilateral translations, it suffices to consider

(X,Y) — exp(=X) exp(Y)x exp(X)x !
= exp(=X) exp(Y) exp(Ad(x~")X);

by writing Ad(x™1)X = x~1 X, its differential at (0, 0) is seen to be
(X,Y) - (AdEx ) -1) X + Y.

Relative to our compatible choice of volume forms, the Jacobian factor at (T'g, x) is precisely the absolute
value of det (Ad(x‘l) - 1|p). To conclude the computation, note that

det (Adx ™) =1[p) = [J@@ ™ -1 = [T latx) -11%;

aed acd*
here a is the character corresponding to what we denoted by e“. O

Remark 5.14. By the basic properties of conjugacy classes on G, the inclusion T — G induces a bijection
T/W — G/conj. This induces a matching between invariant functions. A conjugation-invariant function
f : G — C" is continuous if and only if its (G, T)-invariant avatar f° = f|r : T — C is. We supply a
low-tech proof of this fact as follows.

The “only if” part is obvious. Conversely, assume f b is continuous and consider any sequence Xj =X

in G; write x; = g]-t]-g]Tl with ¢; € T. Thanks to compactness, we may pass to subsequences to assume
that the limits g; — ¢ and f; — ¢ exist, thus x = ¢tg™!. We deduce that f (x) = f(t;) = f(t) = f(),
whence the continuity of f.

)G—inv

Denote the spaces of conjugation-invariant functions on G as C(G)°™™, [2(G and so on.

Corollary 5.15. Foré,n € CIX* (DX, we identify them as Q(G, T)-invariant continuous functions
on T, then viewed as a conjugation-invariant continuous functions on G by 5.14. Let co(E, 1) be the

coefficient of & =1 in EAnA = ERIAP, then

Co (é/ TI)

o = oG T
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Proof. Plug these objects into 5.13 to see

1 _
€Mz = QG j; ENIAP dur.

Recall that the integral over T of a character x : T — S! equals zero (resp. 1 = pr(T)) when x # 1 (resp.
X =1). The assertion becomes visible after expanding EANA in Z[X*(T)]. O

Lemma 5.16. Assume G is semisimple. The elements x, for A € &; N X*(T) form a Z-basis for
Z[X*(DIXCT). Moreover, in terms of the embedding Z[X*(T)]¥CT) — C(G)S™™ of 5.2, they are
orthonormal with respect to (*')2c)-

Proof. Observe that Z[X*(T)]¥®T) has a Z-basis of the form &, := Y]
Write

LEW-A et where A € 7 N X*(T).

X1 = E C/\,}lé}l’ C)l,y e”Z.
peeyNX*(T)

Then 5.11 entails thatcy y =1andc; , #0 = p < A. Note that the < defined in (5.2) induces a total
order on X*(T) ® R since g is semisimple. This shows that (c) ), is an upper triangular matrix over
Z. when A, u are enumerated along <, with diagonal entries equal to 1. Hence it is invertible, and this
implies that {)x;}, form a Z-basis of Z[X*(T)]*XCT).

The orthonormal property follows from 5.12 and 5.15. O

Now apply the results in §4.6 with Z = {1}. Given a unitary representation 7t of G with dim V, < oo,
its restriction to T decomposes into irreducibles. By 4.10 this is

77|T: @ #Gamult(n:y)’

peX*(T)

where mult(rt : p) € Z stands for the multiplicity of u in 7t|p. On the other hand, its character ©
restricted to T gives a finite sum

@)= Y, mult(m: pu(t), teT.
HEX*(T)

This function is Q(G, T)-invariant. Therefore @, | actually yields an element of Z[X*(T)]*CD), corre-
sponding to EH mult(rt : u)et. We call those u with nonzero multiplicities as the weights of G.

The weight-multiplicities {mult(7 : ()} jex(T)ne, determine |1 and then O, which in turn deter-
mines 7t up to isomorphism, by 4.44.

Theorem 5.17 (Weyl character formula). Assume G is semisimple. Then the set of A € X*(T) N &,
is in bijection with the set of isomorphism classes of irreducible unitary representations 7 of G. It is
determined by

Aon & 0, =x;,

where we identify @, with an element of Z[X*(T)]*CT) as above. In fact, A is the highest weight of 7t
relative to @, namely all the other weights are < A, see (5.2); it occurs with multiplicity one in .

Proof. Given 71, we regard @, as an element of Z[X*(T)]¥¢T), and expand it into ¥} A Maxa withny € Z
using 5.16. Since those ), have been shown to be orthonormal, 4.42 yields

1 = (®ﬂ|®ﬂ)L2(G) = Z Tl%.
A
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Hence there is exact one nonzero n,, with n, € {-1,+1}. We must have n, = +1 so that @, = x,,
otherwise by 5.11, mult(rt : A) = n; = —1 would be absurd. That result also implies the assertion about
highest weight.

All in all, we have an injection 7t — A by matching @, = x,. Since all the ®,, form an orthonormal
basis of the Hilbert space L2(G)®™™, whilst the x, are also orthonormal by 5.16, this map must be
surjective as well. O

Proposition 5.18 (Weyl denominator formula). Assume G is semisimple. Then

A=Y, (-D)i@evr,
weQ(G,T)

Proof. By considerations of the highest weight, the trivial representation of G must correspond to A = 0.
The assertion then follows from x = 1. O

Theorem 5.19 (Weyl dimension formula). Assume G is semisimple. Let Tt be an irreducible unitary
representation with highest weight A. Then

Hae®+ <A + P, OVC>
IIae®+<p’&> .

Proof. The dimension equals @ (1). Write A@®,, = Zw(—l)wPew(M’P). Take appropriate derivatives......

dimV, =

[ NOT FINISHED YET ]

5.4 Extension to non-semisimple groups

[ UNDER CONSTRUCTION ]
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