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Sakellaridis-Venkatesh conjecture

Let spherical variety Y = H\G be defined over a number field k with
ring of adèles A and Π a cuspidal automorphic representation of G (A)
with a fixing decomposition

Π =
′⊗

Πv

as a restricted tensor product of irreducible unitary representations of
Gv := G (kv ). With [H] := H(k)\H(A) and the Tamagawa measure dh
on [H], one may consider the global H-period

PH : A0 −→ C

given by

PH(φ) =

∫
[H]

φ(h)dh,

where A0 is the set of all cuspidal automorphic forms of G and φ ∈ A0.
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Sakellaridis-Venkatesh conjecture

If we know that

PH ∈ HomH(A) (Π,C) =
′⊗

HomH(kv ) (Πv ,C)

is a pure tensor in HomH(A) (Π,C) for some reason, say
dimHomH(kv ) (Πv ,C) ≤ 1 for all v , then the conjecture predicts that PH

has a decomposition

PH = q ·
∗∏
v

`
Y (kv )
Πv

where |q|2 is a rational number,
∏∗ is a normalization product and

`Yv

Πv
∈ HomH(kv ) (Πv ,C). This factorization generalizes a conjecture of

Ichino and Ikeda for the Gross-Prasad periods. This conjecture is based
on the local Langlands conjecture for Y (kv ), since the key idea of the
Sakellaridis-Venkatesh conjecture is that the local functionals `Yv

Πv
are

determined by the Plancherel decomposition of L2 (Y (kv )).
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Sakellaridis-Venkatesh conjecture

Give a local spherical variety Y (kv ). Motivated by and refining the work
of Gaitsgory-Nadler in the geometric Langlands program, Sakellaridis and
Venkatesh associated two data to Y (kv ): a dual group Y (kv )∨ and a
distinguished map

ι : Y (kv )∨ × SL2(C) −→ G∨v . (1)

One might assume ι induces a map

ι∗ : ĜY −→ Ĝv

for simplicity, where GY is a reductive group defined over kv such that

G∨Y = Y (kv )∨, and Ĝv denotes the set of unitary representations of Gv .
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Sakellaridis-Venkatesh conjecture

Conjecture

One has a spectral decomposition:

L2 (Y (kv )) =

∫
Ĝ temp
Yv

m(πv )ι∗(πv )dµGYv
(πv )

where µGY
is the Plancherel measure of GY and

m(πv ) = HomGv (C∞c (Y (kv )), ι∗(πv ))∗ is a multiplicity space.
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Sakellaridis-Venkatesh conjecture

By the Bernstein’s explanation of the direct integral decomposition, the
conjecture is equivalent to

Conjecture

One has

〈ϕ1, ϕ2〉Y (kv ) =

∫
Ĝ temp
Yv

JY (kv )
πv

(ϕ1, ϕ2)dµGYv
(πv ),

where ϕ1, ϕ2 ∈ C∞c (Y (kv )), 〈·, ·〉Y (kv ) is the inner product of L2 (Y (kv )),

µGYv
is the Plancherel measure of GYv and {JY (kv )

πv | πv} is a family of
positive semi-definite Hermitian forms on L2 (Y (kv )).
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One may understand the Plancherel decomposition via the Bernstein’s
viewpoint, namely the spectral decomposition of L2 (Y (kv )) gives rise to

a family of linear functional {`Y (kv )
πv | πv}, which contribute to the

decomposition of global periods as Sakellaridis-Venkatesh conjecture
predicts. To summarize:

Conjecture

Assume relative LLC conjecture holds for Y (kv ) for any v , then for a
factorizable element φ = ⊗vφv , one has

PH(φ)PH(φ) = q ·
∗∏
v

`Y (kv )
πv

(φv )`
Y (kv )
πv (φv ),

where q is a rational number and `
Y (kv )
Πv

comes from the Plancherel

decomposition of L2 (Y (kv )).
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Notations

SO5
∼= PGSp4 ⊃ (GL2 ×GL2)det /∆F×

where
(GL2 ×GL2)det := {(g1, g2) | det(g1) = det(g2)}

Let E be an étale quadratic field, which gives a maximal torus T ⊂ GL2.
Then

PGSp4 ⊃ (GL2 × T )det /∆F× ∼= U(2)
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Weil representation

Let V be a split quadratic space of four dimension. We will fix the
complete polarization V = V1 ⊕ V2 and a basis

e := {e1, e2, e
′
1, e
′
2}

for V such that V1 is the span of e1, e2, V2 is the span of e′1, e
′
2, and

〈ei , e′j 〉V = δij . Let W be a symplectic space of four dimension. Then the
Weil representation ωψ of SO4 × Sp4 can be realized on the space
S (V2 ⊗W ) of Bruhat functions, and the actions are given by

1 ωψ(h)Φ(T ) = Φ(h−1 · T ), for h ∈ Sp(W );

2 ωψ (m(A)) Φ(T ) = |det(A)|2 · Φ (TA) , for A ∈ GL2;

3 ωψ (n(x)) Φ(T ) = ψ (xQ(T )) Φ(T ), for x ∈ F .

where Q(T ) = a1b4 + a2b3 − a3b2 − a4b1 for

T =

(
a1 a2 a3 a4

b1 b2 b3 b4

)T
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Weil representation

Let R0 := {(h, g) ∈ GSO4 ×GSp4 | λV (h) · λW (g) = 1}. The Weil
representation ωψ extends naturally to the group R0 via

ωψ(h, g)Φ = |λW (g)|−2
ωψ(h1, 1)(Φ ◦ g−1)

where

h1 = h ·
(
λV (h)−1 0

0 1

)
∈ SO4.
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Weil representation

Let ω+
ψ be the 1-eigen-space of ZSO4 in ωψ. Then define the Weil

representation of PGSO4 × PGSp4

Ω := ind
GSO4×GSp4

ZV ·R0
C� ω+

ψ =
⊕

a∈F×2\F×

ω+
ψa
.

The Weil representation of GSO4 ×GSp4 is defined as ind
GSO4×GSp4

R0
ωψ.

Lemma (
ind

GSO4×GSp4

R0
ωψ

)
ZV

= Ω.
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Theta correspondence

There exists an elemnt t ∈ GO4 \GSO4 such that

σ1 � σ2 ◦Ad(t) ∼= σ2 � σ1

for irreducible representations σ1 � σ2, σ2 � σ1 of PGSO4. If σ1 � σ2,

then (σ1 � σ2)+ := σ1 � σ2 ⊕ σ2 � σ1. If σ1
∼= σ2

∼= σ, then there are
two extensions to GO4. Exactly one of them participates in the theta
correspondence with GSp2, and we denote this distinguished extension by
(σ � σ)+. Then define the theta correspondence of representation of
PGSO4

θ(σ1 � σ2) = θ
(
(σ1 � σ2)+

)
.

Thus this theta lifting is generically 2-to-1.
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The maps Aσ, θσ and Bσ

For every irreducible tempered representation σ of PGSO4, we fix

Aσ : ωψ ⊗ σ∨ ∼= θ (σ) .

The θσ is given by duality of Aσ:

θσ : ωψ −→ σ � θ(σ)

Let the local doubling theta integral

Zσ : ωψ ⊗ ωψ ⊗ σ ⊗ σ −→ C

given by

Zσ (Φ1,Φ2, v1, v2) =
1

n
·
∫
SO4

〈ωψ(h)Φ1,Φ2〉ωψ · 〈σ(h)v1, v2〉σdh

where n = #F×2\F×.
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The maps Aσ, θσ and Bσ

Then Zσ factor through the projection map:

Aσ ⊗ Aσ : ωψ ⊗ ωψ ⊗ σ∨ ⊗ σ∨ −→ θ(σ)⊗ θ(σ)

so that
Zσ (Φ1,Φ2, v1, v2) = 〈Aσ(Φ1, v1),Aσ(Φ2,v2)〉θ(σ).

Let
Bσ(Φ,w) = 〈θσ(Φ),w〉θ(σ).
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Spectral decomposition of Weil representation

Spectral decomposition of Weil representation

For all tempered representations σ of PGSO4, consider the Hermitian
forms

Jθσ (Φ1,Φ2) :=
∑

v∈ONB(σ)

∫
SO4

〈Ω(h)Φ1,Φ2〉Ω〈σ(h)v , v〉σdh.

Then Jθσ is positive semi-definite for every σ ∈ P̂GSO
temp

4 , and

〈Φ1,Φ2〉Ω =

∫
P̂GSO

temp

4

Jθσ (Φ1,Φ2)dµPGSO4 (σ).

Note that the Plancherel measure µPGSO4 is determined by the Haar
measure dh on PGSO4.
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Spectral decomposition à la Bernstein

Let G be a reductive group over a local field F acting transitively on a
homogeneous G -space X . We fix a base point x0 ∈ X with stabilizer
H ⊂ G , so that g → g−1 · x0 gives an identification H\G ∼= X .
Consider the unitary representation L2 (X ) with the inner product

〈φ1, φ2〉X =

∫
X

φ1(x)φ2(x)dx .

Such a unitary representation admits a direct integral decomposition:

L2 (X ) ∼=
∫
Z

σ(z)dν(z),

where

1 Z is a measurable space, equipped with measure ν(z).

2 σ : z 7→ σ(z) is a measurable map from Z to the unitary dual Ĝ
equipped with the Fell topology.
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Spectral decomposition à la Bernstein

The natural inclusion C(X ) ↪→ L2 (X ) is point-wise defined, i.e. there
exists a family of maps {αX

z ∈ HomG (S(X ), σ(z)) | z} such that αX
z (ϕ)

represents ϕ.
If αX

z is non-zero, then by duality, one obtains a G -equivariant embedding

β
X

z : σ(z)∨ ∼= σ(z) −→ C∞(X ).

Take complex conjugate, then we get a family of maps {βX
z | z}. These

maps are uniquely determined for ν-almost all z . Let

`Xz := evx0 ◦ βX
z ∈ HomH (σz ,C) .
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Strongly tempered variety

Assume X is strongly tempered, i.e. for any irreducible tempered
representation π, and any smooth vector v1, v2 ∈ π, one has∫
H
|〈h · v1, v2〉π|dh <∞. Then

Plancherel decomposition of strongly tempered variety

L2 (X ) ∼=
∫
Ĝ temp

HomH (π,C) · πdµG (π)

where µG is the Plancherel measure of G . Moreover, one has

`Xπ (v1) · `Xπ (v2) =

∫
H

〈h · v1, v2〉πdh
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Whittaker period

Let N be the nilpotent radical of a Borel subgroup of G and ψ a
non-degenerate character of N.

Whittaker-Plancherel theorem

L2 (N\G , ψ) ∼=
∫
Ĝ temp

HomN (π, ψ) · πdµG (π)

Moreover, one has

`N,ψ\Gπ (v1) · `N,ψ\Gπ (v2) =

∫
N

〈n · v1, v2〉π · ψ(n)dn
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Relative characters

For every H-distinguished irreducible representation π of G , and
`1, `2 ∈ HomH (π,C), then one has

Definition

The relative characters

Bπ,`1,`2 : C∞c (G ) −→ C

is defined by

Bπ,`1,`2 (f ) =
∑

v∈ONB(π)

`1

(
π(f )v

)
· `2(v)

Note that Bπ,`1,`2 factors through

C∞c (G ) � C∞c (X ) −→ C.
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Relative characters

Lemma

For every ϕ ∈ C∞c (X ), one has

Bπ,`Xπ,`Xπ (ϕ) = `Xπ ◦ αX
π (ϕ)

Note that `Xπ ◦ αX
π can extend to the Harish-Chandra Schwartz space

C(X ).
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Transfer

Let

T1 =

(
0 1 0 0
0 0 1 0

)T

.

Let pr1 : Ω ∼=
⊕

a∈F×2\F× ω
+
ψa
−→ ω+

ψ be the projection map. Let p be
the map

p : Ω ∼=
⊕

a∈F×2\F×

ω+
ψa
−→ C∞ (N × T\PGSO4, ψ)

given by

p(Φ)(h) :=

∫
T

pr1 ((1, t)h · Φ) (T1)dt.
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Transfer

Let q be the map

q : Ω ∼=
⊕

a∈F×2\F×

ω+
ψa
−→ C∞ (U(2)\PGSp4)

given by

q(Φ)(g) :=

∫
T

pr1 ((t, t)g · Φ) (T1)dt.

Lemma

1 The image of p S (N × T\PGSO4, ψ) ⊂ C (N × T\PGSO4, ψ);

2 The image of q equals S (U(2)\PGSp4).
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Local results

Proposition

L2 (U(2)\PGSp4) =

∫
P̂GSO

temp

4

HomN×T (σ, ψ � C) · θ(σ)dµPGSO4 (σ),

where µPGSO4 is the Plancherel measure of PGSO4. Moreover, for
Φ1,Φ2 ∈ Ω, then one has

〈q(Φ1), q(Φ2)〉U(2)\PGSp4
=

∫
P̂GSO

temp

4

J (q(Φ1), q(Φ2))dµPGSO4 (σ),

where

J (q(Φ1), q(Φ2)) :=

∫
T

∫ ∗
N

Jθσ (t · n · Φ1,Φ2)ψ(n)dndt

is a positive semi-definite Hermitian form.
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Local results

Let X := (N, ψ)× T\PGSO4 and Y := U(2)\PGSp4.

Proposition (Commutative diagram)

For µPGSO4 -almost all σ such that

HomN×T (σ, ψ) 6= 0,

one has
αY
σ ◦ q(Φ) = `Xσ ◦ θσ(Φ)

Proposition

`Xσ (Bσ(Φ,w)) = 〈q(Φ), βY
σ (w)〉Y
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Local results

Theorem

Suppose that

f1 ∈ S(X ) and f2 ∈ S(Y ) are in correspondence, i.e. there exists a
Φ ∈ Ω such that p(Φ) = f1 and q(Φ) = f2;

`Xσ ∈ HomN×T (σ, ψ) is determined by the Bernstein’s method and
`Yσ ∈ HomU(2) (θ(σ1 � σ2),C) is uniquely determined by the
commutative diagram.

Then one has the relative character identity

BXσ (f1) = BYσ (f2).
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Global results

Let Σ ∼= ⊗vΣv ⊂ A0 (GSO(V )) be an irreducible unitary cuspidal
automorphic representation of GSO(V )(A) with trivial central character.
Let f ∈ Σ and Φ ∈ ωψ. For g ∈ GSp(W )(A), choose h ∈ GSO(V )(A)
such that λV (h) = λW (g), and define a
(GSO(V )×GSp(W ))λV =λW

-equivariant map

AAut
Σ : ωψ ⊗ Σ −→ A (GSp(W ))

by

AAut
Σ (Φ, f )(g) =

∫
[SO(V )]

θ(Φ)(h1h, g)f (h1h)dh1,

where dh1 is the tamagawa measure of SO(V )(A).
The image of AAut

Σ is the global theta lift of Σ, which we will denote by

Π = ΘAut(Σ) ⊂ A (GSp(W )) .

Under some mild assumptions, one has Π is cuspidal and non-zero, hence
Π is irreducible cuspidal automorphic representation of GSp(W ) with
trivial central character.
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Global results

Conversely, let Π ∼= ⊗vΣv ⊂ A0 (GSp(W )) be an irreducible unitary
cuspidal automorphic representation of GSp(W )(A) with trivial central
character. Let ϕ ∈ Π and Φ ∈ ωψ. For h ∈ GSO(V )(A), choose
g ∈ GSp(W )(A) such that λW (g) = λV (h), and define a
(GSO(V )×GSp(W ))λV =λW

-equivariant map

BAut
Π : ωψ ⊗ Π −→ A (GSO(V ))

by

BAut
Π (Φ, ϕ)(h) =

∫
[Sp(W )]

θ(Φ)(h, g1g)ϕ(g1g)dg1,

where dg1 is the tamagawa measure of Sp(W )(A).
The image of BAut

Π is the global theta lift of Π, which we will denote by

Σ = ΘAut(Π) ⊂ A (GSO(V )) .

If Σ is cuspidal and non-zero, then it follows Σ is irreducible.

Wan Xiaolei Examples related to the Sakellaridis-Venkatesh conjecture



Intro
Preliminaries

Results

Global results

Consider the map
p : ωψ −→ S (N\SO(V ), ψ)

given by
p(Φ) = ωψ(h)Φ(T1);

the map
q : ωψ −→ S (SL2 × 1\Sp(W ))

given by
q(Φ) = ωψ(g)Φ(T1).
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Global results

Proposition

For Φ ∈ ωψ and f ∈ Π, then one has

P(N,ψ)×T (BAut
Π (Φ, f )) = 〈q(Φ), βY,Aut

Π (f )〉Y1(A).

Here,

βY,Aut
Π (f ) =

∫
[U(2)]

f (τg)dτ

and
Y1 := {v ∈ V2 ⊗W | Q(x) = 1}.

Proposition

PU(2),Π(f ) = c12`
Y ,A
Σ12

(f ) + c21`
Y ,A
Σ21

(f ).

where |c12| = |c21| = 1
2 .
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