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Note: You may choose any 3 problems among the following ones.

1. Let𝛮0 ∈ ℤ≥1. Prove that there exists 𝛼 ∈ GL(2,ℚ)+ and𝛮 ∈ ℤ≥1 such that

𝑓 ∈ 𝛭𝑘(𝛤 (𝛮0)) ⟹ 𝑓 ∣𝑘 𝛼 ∈ 𝛭𝑘(𝛤1(𝛮 )).

� Hint. Take 𝛼 = (𝛮0 1 ) and a sufficiently divisible 𝛮 ∈ ℤ≥1 such that 𝛼𝛤1(𝛮 )𝛼−1 ⊂
𝛤 (𝛮0).

2. Let 𝛤 be a congruence subgroup of SL(2, ℤ), and 𝑓 ∈ 𝛭𝑘(𝛤 ) where 𝑘 ∈ {1, 2}. Show that
𝑓 (𝜂) = 0 when 𝜂 ∈ ℋ is an elliptic point for 𝛤 .

3. There is amodular form 𝑓 (𝜏 ) = 𝑞2+192𝑞 3−8280𝑞4+147 200𝑞 5+⋯ in 𝑆28(SL(2, ℤ)), where
𝑞 = 𝑒2𝜋𝑖𝜏 . Granting this fact, express 𝑓 as a polynomial in𝛦4, 𝛦6 .
� Hint. We have 𝑓 /𝛥 2 ∈ 𝛭4(SL(2, ℤ)) = ℂ𝛦4.

4. Sketch a proof that SL(2, ℤ) → SL(2, ℤ/𝛮ℤ) is surjective for any𝛮 ∈ ℤ≥1. Prove that

(SL(2, ℤ) ∶ 𝛤 (𝛮 )) = 𝛮 3 ∏
𝑝∣𝛮

𝑝∶ prime

(1 − 1
𝑝2 ) .

� Hint. The computation for (SL(2, ℤ) ∶ 𝛤 (𝛮 )) reduces easily to the case𝛮 = 𝑝 𝑒 . We also
have ker[GL(2, ℤ/𝑝 𝑒ℤ) → GL(2, ℤ/𝑝ℤ)] = 1 + 𝑝M2(ℤ/𝑝 𝑒ℤ).

5. Let 𝛼𝛮 = ( −1
𝛮 ) ∈ GL(2,ℚ)+.

(a) Show that 𝛼𝛮 𝛤0(𝛮 )𝛼−1𝛮 = 𝛤0(𝛮 ), thus 𝜏 ↦ 𝛼𝛮 (𝜏 ) descends to an automorphism of
𝑌0(𝛮 ).

1



(b) Give a moduli interpretation of this automorphism, in terms of complex tori with 𝛤0(𝛮 )-
level structures.

� Hint. The moduli interpretation is (𝛦, 𝛣) ↦ (𝛦/𝛣, 𝛦[𝛮 ]/𝛣), where 𝛦 is a complex
torus and 𝛣 ⊂ 𝛦[𝛮 ] is a subgroup ≃ ℤ/𝛮ℤ. Show that this is indeed an automorphism of
𝑌0(𝛮 ).

6. For (𝑧, 𝜏 ) ∈ ℂ × ℋ , define 𝑞 ∶= 𝑒𝜋𝑖𝜏 , 𝜂 ∶= 𝑒2𝜋𝑖𝑧 and

𝜗 (𝑧; 𝜏 ) ∶= ∑
𝑛∈ℤ
𝑞𝑛2𝜂𝑛,

𝛲 (𝑧; 𝜏 ) ∶= ∏
𝑛≥1
(1 + 𝑞2𝑛−1𝜂) (1 + 𝑞2𝑛−1𝜂−1) .

Define the lattice𝛬𝜏 ∶= ℤ ⊕ ℤ𝜏 inℂ.

(a) Prove that

𝜗 (𝑧 + 𝜏 ; 𝜏 ) = (𝑞𝜂)−1𝜗 (𝑧; 𝜏 ),
𝛲 (𝑧 + 𝜏 ; 𝜏 ) = (𝑞𝜂)−1𝛲 (𝑧; 𝜏 ),

and show that 𝑧 ↦ 𝜗 (𝑧; 𝜏 )/𝛲 (𝑧; 𝜏 ) is a𝛬𝜏 -periodic meromorphic function onℂ.
(b) Fix 𝜏 and show that the zeros of 𝑧 ↦ 𝛲 (𝑧; 𝜏 ) are precisely 𝑧 = 1

2 + 𝜏
2 + 𝛬𝜏 . Show that

they are also the zeros of 𝜗 (𝑧; 𝜏 ), and 𝜗 (𝑧; 𝜏 )/𝛲 (𝑧; 𝜏 ) depends only on 𝑞 . Put 𝜙(𝑞) ∶=
𝜗 (𝑧; 𝜏 )/𝛲 (𝑧; 𝜏 ).

(c) Prove that

𝜗 (12 ; 4𝜏 ) = 𝜗 (
1
4 ; 𝜏 ) ,

𝛲 (12 ; 4𝜏 ) = 𝛲 (
1
4 ; 𝜏 ) ⋅∏𝑛≥1

(1 − 𝑞4𝑛−2) (1 − 𝑞8𝑛−4) ,

lim𝑞→0 𝜙(𝑞) = 1.

(d) Apply the previous result to show 𝜙(𝑞) = ∏𝑛≥1(1 − 𝑞2𝑛). Make the change of variables

(𝑧; 𝜏 ) ⇝ (−𝜏4 +
1
2 ,
3𝜏
2 ) (accordingly, (𝑞, 𝜂) ⇝ (𝑞 3/2, −𝑞−1/2)) to deduce Jacobi’s triple

product identity 1

∑
𝑛∈ℤ
(−1)𝑛𝑞 3𝑛2+𝑛

2 =∏
𝑛≥1
(1 − 𝑞𝑛).

Note that it yields the Fourier expansion for Dedekind’s 𝜂-function.

� Hint. Just some basic operations on infinite sums and products.
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1More precisely, Euler’s Pentagonal Numbers Theorem
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Modular Forms and Number Theory
2019, Peking University

Problem Sheet # 2

Deadline: January 6, 2020

Note. You may choose any 2 problems among the following ones.

Conventions. We write

GL(2,ℚ)+ ∶= {𝑔 ∈ GL(2,ℚ) ∶ det 𝑔 > 0} , ℋ ∶= {𝜏 ∈ ℂ ∶ Im(𝜏 ) > 0}

as usual. Let𝛮 ∈ ℤ≥1; Fourier expansions of modular forms of level 𝛤1(𝛮 ) will be written as 𝑓 =
∑𝑛≥0 𝑎𝑛(𝑓 )𝑞𝑛, where 𝑞 ∶= 𝑒2𝜋𝑖𝜏 , and theHecke operators 𝛵𝑝 act on𝛭𝑘(𝛤1(𝛮 )). The stabilizer of
an element 𝑥 under a group 𝛤 is denoted as Stab𝛤 (𝑥), and so forth. We write 𝜎ℎ(𝑛) = ∑𝑑∣𝑛 𝑑ℎ for
every ℎ ∈ ℝ and 𝑛 ∈ ℤ≥1. Define automorphy factor as 𝑗 (𝛾 , 𝜏 ) = 𝑐𝜏 +𝑑 if 𝛾 = ( 𝑎 𝑏

𝑐 𝑑 ) ∈ GL(2,ℂ).

1. Consider the congruence subgroups 𝛤0(4) = {±1} ⋅ 𝛤1(4)▷ 𝛤1(4). Note that ( 12 1 )∞ = 1
2 .

(a) Show that

Stab𝛤0(4) (
1
2) = ± (

1
2 1

) (
1 ℤ

1
) (
1
2 1

)
−1

and this group is generated by−1 together with the element

(
−1 1
−4 3

) = (
1
2 1

) (
1 1

1
) (

1
−2 1

) .

(b) Show that Stab𝛤1(4) (
1
2) is generated by ( 1 −14 −3 ). Conclude that 12 represents an irregular cusp

for 𝛤1(4).

2. Let 𝛮, 𝑘 ∈ ℤ≥1. Prove that a modular form 𝑓 = ∑𝑛≥0 𝑎𝑛𝑞𝑛 ∈ 𝛭𝑘(𝛤1(𝛮 )) is uniquely
determined by (𝑎𝑛)𝑛≥1.

1



3. For every 𝜏 ∈ ℋ , put𝛬𝜏 ∶= ℤ𝜏 ⊕ℤ ⊂ ℂ. The endomorphism ring of the complex torusℂ/𝛬𝜏
is denoted as End(ℂ/𝛬𝜏 ), which is a subring ofℂ. Show that End(ℂ/𝛬𝜏 ) ⊋ ℤ if and only if 𝜏 is
a quadratic irrational inℋ , i.e. there exist𝛢, 𝛣, 𝐶 ∈ ℤ such that𝛢 ≠ 0 and𝛢𝜏 2 +𝛣𝜏 +𝐶 = 0.
� Hint. First, show that End(ℂ/𝛬𝜏 ) ⊋ ℤ if and only if 𝛾 𝜏 = 𝜏 for some 𝛾 ∈ GL(2,ℚ)+
which is not a scalar. Show that the quadratic irrationals in ℋ are precisely the fixed points of
elements of GL(2,ℚ)+.

4. Let 𝑘 ≥ 4 be an even integer. Show that the Eisenstein series 𝛦𝑘 is orthogonal to 𝑆𝑘(SL(2, ℤ))
with respect to the Petersson inner product.

� Hint. Write 𝛤 ∶= SL(2, ℤ) and 𝛤∞ ∶= Stab𝛤 (∞). Argue that, for all 𝑓 ∈ 𝑆𝑘(SL(2, ℤ)),

∫
𝛤 \ℋ

𝑓 (𝜏 ) ∑
𝛾 ∈𝛤∞\𝛤

𝑗 (𝛾 , 𝜏 )−𝑘Im(𝜏 )𝑘 d𝜇(𝜏 ) = ∫
𝛤∞\ℋ

𝑓 (𝜏 )Im(𝜏 )𝑘−2 d𝑥 d𝑦

where d𝜇(𝜏 ) = 𝑦−2d𝑥d𝑦 (with 𝜏 = 𝑥+𝑖𝑦 ) is the hyperbolicmeasure onℋ . Find a fundamental
domain forℋ under 𝛤∞-action, and observe that∫

1
0 𝑓 (𝑥 + 𝑖𝑦) d𝑥 = 0 for each 𝑦 ∈ ℝ.

5. For each even integer 𝑘 ≥ 2, use the Eisenstein series𝐺𝑘 to define

𝒢𝑘 ∶=
(𝑘 − 1)!
2(2𝜋𝑖)𝑘 ⋅ 𝐺𝑘 ∈ 𝛭𝑘(SL(2, ℤ))

so that𝑎𝑛 (𝒢𝑘) = 𝜎𝑘−1(𝑛) for all𝑛 ≥ 1. Show that𝒢𝑘 is a normalizedHecke eigenform satisfying
𝛵𝑝𝒢𝑘 = (1 + 𝑝𝑘−1) 𝒢𝑘 for every prime number 𝑝 .

� Hint. Compare 𝑎𝑛 (𝛵𝑝𝒢𝑘) and 𝑎𝑛 (𝒢𝑘). The case 𝑛 = 0 is straightforward. As for the case
𝑛 ≥ 1, one has to determine (1 + 𝑝𝑘−1) 𝜎𝑘−1(𝑛) = 𝜎𝑘−1(𝑝)𝜎𝑘−1(𝑛) in terms of 𝜎𝑘−1(𝑝𝑛) and
𝜎𝑘−1(𝑛/𝑝) (when 𝑝 ∣ 𝑛).
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