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Note: Please choose any 3 problems among the following ones. In each problem, youmaymake
free use of the results enunciated in the previous ones. You can also use the results covered in class.

1. Denote SL(2, ℤ) by 𝛤(1). Let 𝑓 ∈ 𝛭𝑘(𝛤(1)) and𝛮 ∈ ℤ≥1, prove that 𝑓(𝛮𝜏) ∈ 𝛭𝑘(𝛤0(𝛮)).
� Hint. It might be helpful to know that 𝑓 ∣𝑘 𝛼 is uniformly bounded when ℑ(𝜏) → +∞
andℜ(𝜏) remains in a given interval, for all 𝛼 ∈ GL(2,ℚ)+. To show this, take 𝛽 ∈ SL(2, ℤ) such
that 𝛼∞ = 𝛽∞. Describe the behavior of 𝑓 ∣𝑘 𝛽 ∣𝑘 𝛽

−1𝛼 as ℑ(𝜏) → +∞.

2. Let 𝛥 = 𝑞∏𝑛≥1(1 − 𝑞𝑛)24 ∈ 𝑆12(𝛤(1)), where 𝑞 = 𝑒2𝜋𝑖𝜏 as usual. Show that

𝛥 = 𝛦3
4 − 𝛦2

6
1728 .

� Hint. Use the fact that dim𝑆12(𝛤(1)) = 1, and compute the coefficient of 𝑞 in 𝛦3
4 − 𝛦2

6 .

3. Let 𝑘 be any positive even integer.

(i) Show that if∑ 𝑎,𝑏≥0
4𝑎+6𝑏=𝑘

𝑐𝑎𝑏𝛦𝑎
4𝛦𝑏

6 = 0where 𝑐𝑎𝑏 ∈ ℂ, then 𝑐𝑎𝑏 = 0 for all 𝑎, 𝑏.

� Hint. Show that 𝛦4(𝜌) = 𝛦6(𝑖) = 0, where 𝜌 = 1+√−3
2 , but 𝛦4 and 𝛦6 have no com-

mon roots since 𝛥 is non-vanishing onℋ.

(ii) Show that𝛭𝑘(𝛤(1)) is generated by {𝛦𝑎
4𝛦𝑏

6 ∶ 𝑎, 𝑏 ∈ ℤ≥0, 4𝑎 + 6𝑏 = 𝑘} as a vector space.
� Hint. Reduce first to the case𝑓 ∈ 𝛭𝑘(𝛤(1))with 𝑘 > 6, then reduce to𝑓 ∈ 𝑆𝑘(𝛤(1)),
and divide by 𝛥 if 𝑓 ≠ 0.

(iii) Show that the ℂ-algebra𝛭(𝛤(1)) ∶= ⨁𝑘𝛭𝑘(𝛤(1)) is isomorphic to ℂ[𝛸, 𝑌]. How are
the gradings related?
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4. Denoteby𝛭𝑘(ℤ) theℤ-submodule of𝛭𝑘(𝛤(1)) consistingofmodular forms𝑓 = ∑𝑛≥0 𝑎𝑛(𝑓)𝑞𝑛
with 𝑎𝑛(𝑓) ∈ ℤ for all 𝑛 ≥ 0. Show that it has the following ℤ-basis

𝛦𝑎
4𝛥𝑏, 4𝑎 + 12𝑏 = 𝑘 𝑘 ≡ 0 (mod 4),

𝛦𝑎
4𝛦6𝛥𝑏, 6 + 4𝑎 + 12𝑏 = 𝑘 𝑘 ≡ 2 (mod 4).

Show that it is also aℂ-basis of𝛭𝑘(𝛤(1)). Therefore, one obtains a reasonable integral structure
on𝛭𝑘(𝛤(1)) by just looking at the Fourier coefficients.

� Hint. One can use 𝛣4 = −1
30 and 𝛣6 = 1

42 to check that 𝛦4 ∈ 𝛭4(ℤ) and 𝛦6 ∈ 𝛭6(ℤ). To
get the ℤ-basis, reuse the ideas from the previous problem.

5. ProveRamanujan’s Congruence as follows. Write𝛥 = ∑𝑛≥1 𝜏(𝑛)𝑞𝑛 and let 𝜎ℎ(𝑛) ∶= ∑𝑑∣𝑛
𝑑≥1

𝑑ℎ for
all 𝑛 ∈ ℤ≥1.

(i) Show that
𝛦3
4

720 +
𝛦2
6

1008 ∈ 1
420 + 𝑞

2ℤ[[𝑞]].

(ii) Show that 𝛥 and 𝛦34
720 +

𝛦26
1008 form a basis of𝛭12(𝛤(1)).

(iii) Consider the following rescaled Eisenstein series of weight 12

𝒢12 ∶=
−𝛣12
24 +∑

𝑛≥1
𝜎11(𝑛)𝑞𝑛.

Show that𝒢12 = 𝛥 + 691
156 (

𝛦34
720 +

𝛦26
1008). You may use the fact that 𝛣12 = −691

2730 .

(iv) Deduce that 𝜏(𝑛) ≡ 𝜎11(𝑛) (mod 691) for all 𝑛 ≥ 1.

6. For every𝛮 ∈ ℤ≥1, prove that the reduction modulo𝛮map SL(2, ℤ) → SL(2, ℤ/𝛮ℤ) is sur-
jective. Show that

(SL(2, ℤ) ∶ 𝛤(𝛮)) = 𝛮3 ∏
𝑝∣𝛮
prime

(1 − 1
𝑝2 ) ,

(SL(2, ℤ) ∶ 𝛤1(𝛮)) = 𝛮2 ∏
𝑝∣𝛮
prime

(1 − 1
𝑝2 ) .
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