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Note: Please choose any 2 problems among the following ones. You can use the results covered
in class.

1. Let 𝑘 ∈ ℤ, 𝑘 ≠ 0 and let 𝛾 ∈ SL(2, ℝ) be an elliptic transformation, i.e. 𝛾 has exactly one fixed
point inℋ. Let 𝑓 ∶ ℋ → ℂ be a holomorphic function. Show that if 𝑓 ∣𝑘 𝛾 = 𝑓 and 𝛾 has
infinite order, then 𝑓 = 0.
� Hint. First reduce to the case 𝛾(𝑖) = 𝑖. Next, reduce to the case 𝑘 ∈ 2ℤ so that the problem
can be interpreted by differential forms (or their⊗-powers). Translate the problem onto the unit
disc.

2. For every 𝜏 ∈ ℋ, put𝛬𝜏 ∶= ℤ𝜏 ⊕ ℤ ⊂ ℂ. The endomorphism ring of the complex torusℂ/𝛬𝜏 is
denoted as End(ℂ/𝛬𝜏), which is a subring of ℂ. Show that End(ℂ/𝛬𝜏) ⊋ ℤ if and only if 𝜏 is a
quadratic irrational inℋ, i.e. there exist𝛢, 𝛣, 𝐶 ∈ ℤ such that𝛢 ≠ 0 and𝛢𝜏2 + 𝛣𝜏 + 𝐶 = 0.
� Hint. First, show that End(ℂ/𝛬𝜏) ⊋ ℤ if and only if 𝛾𝜏 = 𝜏 for some 𝛾 ∈ GL(2,ℚ)+
which is not a scalar. Show that the quadratic irrationals inℋ are precisely the fixed points of
elements of GL(2,ℚ)+. See §8.6 of the textbook.

3. Let 𝑘 > 2 be an even integer. Show that the Eisenstein series 𝛦𝑘 is orthogonal to 𝑆𝑘(SL(2, ℤ))
with respect to the Petersson inner product.

� Hint. Write 𝛤 ∶= SL(2, ℤ) and 𝛤∞ ∶= Stab𝛤(∞). Argue that, for all 𝑓 ∈ 𝑆𝑘(SL(2, ℤ)),

∫
𝛤\ℋ

𝑓(𝜏) ∑
𝛾∈𝛤∞\𝛤

𝑗(𝛾, 𝜏)−𝑘Im(𝜏)𝑘 d𝜇(𝜏) = ∫
𝛤∞\ℋ

𝑓(𝜏)Im(𝜏)𝑘−2 d𝑥 d𝑦

where d𝜇(𝜏) = 𝑦−2d𝑥d𝑦 (with 𝜏 = 𝑥 + 𝑖𝑦) is the hyperbolic measure onℋ. Find a fundamental
domain forℋ under 𝛤∞-action, and observe that∫

1
0 𝑓(𝑥 + 𝑖𝑦) d𝑥 = 0 for each 𝑦 ∈ ℝ.
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4. For each even integer 𝑘 > 2, use the Eisenstein series𝐺𝑘 to define

𝒢𝑘 ∶=
(𝑘 − 1)!
2(2𝜋𝑖)𝑘 ⋅ 𝐺𝑘 ∈ 𝛭𝑘(SL(2, ℤ))

so that 𝑎𝑛 (𝒢𝑘) = 𝜎𝑘−1(𝑛) for all 𝑛 ≥ 1. Show that𝒢𝑘 is a normalized Hecke eigenform satisfying
𝛵𝑝𝒢𝑘 = (1 + 𝑝𝑘−1) 𝒢𝑘 for every prime number 𝑝.

� Hint. Compare 𝑎𝑛 (𝛵𝑝𝒢𝑘) and 𝑎𝑛 (𝒢𝑘). The case 𝑛 = 0 is straightforward. As for the
case 𝑛 ≥ 1, one has to determine (1 + 𝑝𝑘−1) 𝜎𝑘−1(𝑛) = 𝜎𝑘−1(𝑝)𝜎𝑘−1(𝑛) in terms of 𝜎𝑘−1(𝑝𝑛) and
𝜎𝑘−1(𝑛/𝑝) (when 𝑝 ∣ 𝑛).

5. (Reading homework: real-analytic Eisenstein series) Let 𝜏 = 𝑥 + 𝑖𝑦 ∈ ℋ. For 𝑠 ∈ ℂ with
Re(𝑠) > 1, define

𝛦(𝜏, 𝑠) ∶= 𝜋−𝑠𝛤(𝑠)
2 ∑

(𝑚,𝑛)∈ℤ2
(𝑚,𝑛)≠(0,0)

𝑦𝑠
|𝑚𝜏 + 𝑛|2𝑠 .

Show that

(i) the sum converges absolutely when Re(𝑠) > 1, and

𝛦(𝜏, 𝑠) = 1
2 ⋅ 𝜋

−𝑠𝛤(𝑠)𝜁(2𝑠)∑
𝛾
Im(𝛾𝜏)𝑠

where Re(𝑠) > 1 and 𝛾 ranges over ( 1 ℤ
1 )\SL(2, ℤ).

(ii) 𝛦(𝛾𝜏, 𝑠) = 𝛦(𝜏, 𝑠) for all 𝛾 ∈ SL(2, ℤ);
(iii) 𝛦(𝜏, 𝑠) extends to a meromorphic function in 𝑠 ∈ ℂ and satisfies

𝛦(𝜏, 𝑠) = 𝛦(𝜏, 1 − 𝑠).

Note that 𝛦(𝜏, 𝑠) is only real-analytic in 𝜏.

� Hint. For (iii), see either

⋄ D. Bump, Automorphic forms and representations, Theorem 1.6.1 / Exercise 1.6.2, or
⋄ F. Diamond and J. Shurman, A first course in modular forms (GTM 228), §4.10.

The second reference treats a more generalized setting with level𝛮, and takes the sum of
𝑦𝑠(𝑚𝜏 + 𝑛)−𝑘|𝑚𝜏 + 𝑛|−2𝑠 instead; taking 𝑠 = 0 recovers the holomorphic Eisenstein series.
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